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Abstract
The canonical decomposition of a real Klein-Gordon field in collective
and relative variables proposed by Longhi and Materassi is reformulated on
spacelike hypersurfaces. This allows to obtain the complete canonical reduc-
tion of the system on Wigner hyperplanes, namely in the rest-frame Wigner-
covariant instant form of dynamics. From the study of Dixon’s multipoles
for the energy-momentum tensor on the Wigner hyperplanes we derive the
definition of the canonical center-of-mass variable for a Klein-Gordon field
configuration: it turns out that the Longhi-Materassi global variable should
be interpreted as a center of phase of the field configuration. A detailed study
of the kinematical “external” and “internal” properties of the field configura-
tion on the Wigner hyperplanes is done. The construction is then extended to
charged Klein-Gordon fields: the centers of phase of the two real components
can be combined to define a global center of phase and a collective rela-
tive variable describing the action-reaction between the two Feshbach-Villars
components of the field with definite sign of energy and charge. The Dixon
multipoles for both the energy-momentum and the electromagnetic current
are given. Also the coupling of the Klein-Gordon field to scalar relativistic
particles is studied and it is shown that in the reduced phase space, besides
1
the particle and field relative variables, there is also a collective relative vari-
able describing the relative motion of the particle subsytem with respect to
the field one.
Typeset using REVTEX
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I. INTRODUCTION
Recently a new instant form of dynamics, the rest-frame Wigner-covariant instant form,
was defined in Ref. [1] as an important tool for the program of obtaining a unified de-
scription of the four interactions with a canonical reduction to the independent degrees of
freedom (Dirac’s observables for a generalized Coulomb gauge; see Ref. [2] for a review).
This tool emerged from the study of the reformulation of ordinary theories in Minkowski
spacetime on arbitrary spacelike hypersurfaces as a prerequisite to their description in curved
spacetimes. Since this formulation is the classical background of the Tomonaga-Schwinger
description of quantum field theory, this new instant form will also open the possibility to
obtain a Wigner-covariant equal time quantization of Minkowski theories, to define a set of
Tomonaga-Schwinger asymptotic states and to open new possibilities for the description of
relativistic bound states, whose formulation in the framework of the standard Fock approach
is still problematic (see Ref. [3] and the spurious solutions of the Bethe-Salpeter equation
[4]).
In the rest-frame instant form of every isolated system there is a 3+1 splitting of
Minkowski spacetime with a foliation whose leaves, labelled by a scalar time parameter
τ , are the spacelike Wigner hyperplanes ΣWτ orthogonal to the four-momentum of the iso-
lated system (assumed timelike). In an arbitrary Lorentz frame the points of the Wigner
hyperplane ΣWτ have coordinates z
µ(τ, ~σ) = xµs (τ) + ǫ
µ
r (u(ps))σ
r: the point xµs (τ) is an
arbitrary origin for the 3-coordinates ~σ on ΣWτ and p
µ
s , its conjugate momentum, is orthog-
onal to ΣWτ [ǫ
µ
r (u(ps)) are three suitable spacelike four-vectors tangent to ΣWτ ]. After the
canonical reduction of the isolated system to the Wigner hyperplanes we remain with four
universal first class constraints [1]:
i) one, p2s ≈ M2sys, identifying the invariant mass Msys of the isolated system as the Hamil-
tonian for the evolution in the rest-frame time;
ii) three others defining the rest frame by the requirement that the (Wigner spin 1) total
3-momentum of the isolated system is zero, ~Psys ≈ 0 [so that pµs ≈Msysuµ(ps), with the unit
four-vector Uµ(ps) describing the orientation of the Wigner hyperplanes with respect to the
arbitrary Lorentz frame].
Among the physical canonical degrees of freedom there are the coordinates of a point of
the Wigner hyperplane, different from its covariant origin xµs (τ) of the internal 3-coordinates,
with canonical noncovariant coordinates x˜µs (τ). This point, the classical analogue of the
Newton-Wigner position operator, is decoupled from the system, describes its “external”
center-of-mass variable and may be interpreted as a decoupled point particle observer with
his clock measuring the rest-frame time. Instead, on the Wigner hyperplane there are only
physical canonical relative degrees of freedom, whose identification requires the addition of
three gauge fixing constraints ~Xsys ≈ 0, so that the constraints ~Xsys ≈ 0 and ~Psys ≈ 0 are
second class and may be eliminated. These constraints ~Xsys ≈ 0 may be interpreted as the
elimination of an “internal” center-of-mass-like variable of the system, which is the gauge
variable conjugated to the first class constraints ~Psys ≈ 0, so not to have a double counting
of the center-of-mass degrees of freedom. The constraints ~Xsys ≈ 0 eliminate this “internal”
center-of-mass-like variable from the physical degrees of freedom forcing it to coincide with
the arbitrary origin xµs (τ) = z
µ(τ, ~σ = ~Xsys = 0) of the Wigner hyperplane.
An open problem is the identification of these constraints ~Xsys ≈ 0 for the various isolated
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systems. In a future paper [5] it will be studied for a system of scalar particles. Instead,
in this paper we will study this probem for the real Klein-Gordon field, as a particular
aspect of the more general problem of finding canonical collective and relative variables for
its configurations. In Refs. [6,7] Longhi and Materassi found a set of such variables in the
standard Lorentz covariant approach. In this paper we shall reformulate their solution on
the Wigner hyperplanes starting from the formulation of the Klein-Gordon field on arbitrary
spacelike hypersurfaces in Minkowski spacetime [8]. Then, after having expressed the energy-
momentum tensor of the Klein-Gordon field on the Wigner hyperplanes, where it assumes
a form similar to the energy-momentum tensor of a relativistic perfect fluid, we shall study
Dixon’s multipoles [9] of the field. This will open the way to the identification of the
“internal” center of mass ~Xφ = ~qφ of the Klein-Gordon field and to the realization that the
Longhi-Materassi collective variable is not the center of mass but a “center of phase” of the
field configuration.
By considering a Klein-Gordon field configuration as a relativistic extended object, we
can make a detailed study of the kinematical properties of the description of such an object
on Wigner hyperplanes.
Then we shall apply the same approach to the system of N scalar particles interacting
with a real Klein-Gordon field and to the system of a complex charged Klein-Gordon field
plus the electromagnetic field. In the latter case its two components with definite sign
of energy and charge (identified by means of the Feshbach-Villars formalism in absence of
interaction) generate two centers of phase, so that, besides the global center of phase of
the complex field, there is a second collective variable describing the global action-reaction
between the two components. A similar collective variable exists also for the system of N
particles interacting with a real Klein-Gordon field.
In Section II the real Klein-Gordon field is reformulated on spacelike hypersurfaces in
Minkowski spacetime, following Ref. [8], and then restricted to Wigner hyperplanes.
In Section III its modulus-phase variables on the Wigner hyperplane are defined.
In Section IV there is the definition of the collective and relative canonical variables and
the inverse canonical transformation to express the original real Klein-Gordon field in terms
of them. It is shown that each constant energy surface of the Klein-Gordon field is the
disjoint union of symplectic manifolds. Also a set of canonical multipoles is defined for a
certain class of field configurations and there are some comments on the self-interactions of
the field.
In Section V the energy-momentum tensor of a configuration of the real Klein-Gordon
field is restricted to the Wigner hyperplanes and there is a study of Dixon’s multipoles on
it. This suggests a definition for the relativistic center of mass of the field configuration.
In Section VI, by using the group-theoretical methods of Ref. [10], there is a complete
discussion of the concepts of “external” and “internal” (with respect to the Wigner hyper-
plane) centers of mass of the field configuration. The Longhi-Materassi collective variable is
interpreted as a “center of phase” of the field configuration.
In Section VII the isolated system of N scalar particles interacting with a real Klein-
Gordon field is studied to visualize its collective variables and their interpretation.
In Section VIII the previous analysis is extended to the charged Klein-Gordon field by
defining the collective and relative canonical variables for its positive and negative frequency
parts with the help of the Feshbach-Villars formalism [11–13]. The two collective variables
4
can be combined to give the overall “center of phase” of the field configuration plus a
collective relative variable. Then there is a study of the coupling to the electromagnetic
field and of the Dixon multipoles.
In the Conclusions there are some comments about the utility of the multipolar expan-
sions of the Klein-Gordon field in general relativity and about the problems existing for the
quantization of the collective and relative variables.
In Appendix A there are some notations for spacelike hypersurfaces.
In Appendix B there is a review of Longhi-Materassi papers.
In Appendix C there is a review of the Feshbach-Villars formalism and the definition of
the Fourier coefficients of the Klein-Gordon field corresponding to the solutions of the square-
root Klein-Gordon equation with both positive (or negative) energy and electric charge in
the free case.
In Appendix D there is the expression of the invariant mass for the charged Klein-
Gordon field plus the electromagnetic field on the Wigner hyperplanes in terms of the Fourier
coefficients defined in Appendix C.
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II. THE REAL KLEIN-GORDON FIELD ON SPACELIKE HYPERSURFACES.
In Ref. [8] there is the description of scalar electrodynamics on spacelike hypersurfaces.
In this Section we shall review this description restricting ourselves to a real Klein-Gordon
field with a self-interaction V (φ) following the scheme of Ref. [1] [see Appendix A for the
notations; φ˙(τ, ~σ) = ∂φ(τ, ~σ)/∂τ ]. The action of a scalar Klein-Gordon field reads
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)
1
2
[
gττ φ˙2 + 2gτ rˇφ˙∂rˇφ+ g
rˇsˇ∂rˇφ∂sˇφ−m2φ2 − 2V (φ)
]
(τ, ~σ) =
=
∫
dτd3σ
√
γ(τ, ~σ)
1
2
[ 1
N
[∂τ −N rˇ∂rˇ]φ[∂τ −N sˇ∂sˇ]φ+
+ N [γ rˇsˇ∂rˇφ∂sˇφ−m2φ2 − 2V (φ)]
]
(τ, ~σ). (2.1)
where the configuration variables are zµ(τ, ~σ), φ(τ, ~σ) = φ˜(z(τ, ~σ)). The main difference
between the standard theory and the one on spacelike hypersurfaces is that now the config-
uration variables are the fields φ(τ, ~σ) = φ˜(z(τ, ~σ)) = (φ˜ ◦ z)(τ, ~σ), with φ˜(x) solution of the
Klein-Gordon equation. These new fields φ = φ˜ ◦ z contain the nonlocal information about
the 3+1 splitting of Minkowski spacetime M4 with a foliation of spacelike hypersurfaces Στ ,
obtained through an embedding R× Σ→ M4, (τ, ~σ) 7→ zµ(τ, ~σ) [Σ is an abstract 3-surface
diffeomorphic to R3]. The fields φ(τ, ~σ) have a built-in definition of equal time associated
with the Lorentz-scalar time parameter τ which labels the leaves of the foliation.
Since zµτ = Nl
µ +N rˇzµrˇ , with the lapse and shift functions N , N
rˇ functionals of zµ(τ, ~σ)
through the metric gAB(τ, ~σ), one has
∂
∂zµτ
= lµ
∂
∂N
+ zsˇµγ
sˇrˇ ∂
∂N rˇ
.
The canonical momenta are
π(τ, ~σ) =
∂L
∂∂τφ(τ, ~σ)
=
√
γ(τ, ~σ)
N(τ, ~σ)
[
φ˙−N rˇ∂rˇφ
]
(τ, ~σ),
⇒ φ˙(τ, ~σ) =
[ N√
γ
π +N rˇ∂rˇφ
]
(τ, ~σ),
ρµ(τ, ~σ) = − ∂L
∂∂τ zµ(τ, ~σ)
=
= lµ(τ, ~σ)
[√γ
2
[
1
N2
(φ˙−N rˇ∂rˇφ)2 − γ rˇsˇ∂rˇφ∂sˇφ+m2φ2 + 2V (φ)]
]
(τ, ~σ) +
+ zsˇµ(τ, ~σ)γ
sˇrˇ(τ, ~σ)
[√γ
N
∂rˇφ(φ˙−N uˇ∂uˇφ)
]
(τ, ~σ). (2.2)
We have the following primary constraints
Hµ(τ, ~σ) = ρµ(τ, ~σ)−
−lµ(τ, ~σ)
[ π2
2
√
γ
−
√
γ
2
[γ rˇsˇ∂rˇφ∂sˇφ−m2φ2 − 2V (φ)]
]
(τ, ~σ)−
− zsˇµ(τ, ~σ)γ rˇsˇ(τ, ~σ)[π∂rˇφ](τ, ~σ) ≈ 0, (2.3)
and the following Dirac Hamiltonian [λµ(τ, ~σ) are Dirac multiplier]
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HD =
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ). (2.4)
By using the Poisson brackets
{zµ(τ, ~σ), ρν(τ, ~σ′)} = ηµν δ3(~σ − ~σ
′
),
{φ(τ, ~σ), π(τ, ~σ′)} = δ3(~σ − ~σ′), (2.5)
one finds that the time constancy of the primary constraints does not imply the ex-
istence of new secondary constraints. The constraints are first class with the algebra
{Hµ(τ, ~σ),Hν(τ, ~σ)} = 0.
The conserved Poincare’ generators are
pµs (τ) =
∫
ρµ (τ, ~σ) d3σ,
Jµνs (τ) =
∫
[zµ (τ, ~σ) ρν (τ, ~σ)− zν (τ, ~σ) ρµ (τ, ~σ)] d3σ. (2.6)
Following Ref. [1], we can restrict ourselves to spacelike hyperplanes zµ(τ, ~σ) = xµs (τ) +
bµrˇ (τ)σ
rˇ, where the normal lµ = ǫµαβγb
α
1 (τ)b
β
2 (τ)b
γ
3(τ) is τ -independent [with b
µ
τ = l
µ; bµ
Aˇ
(τ) =(
bµτ , b
µ
rˇ (τ)
)
is an orthonormal tetrad]. Using the results of that paper we find that {xµs , pνs}∗ =
−ηµν , Jµνs = xµspνs − xνspµs + Sµνs and that the constraints are reduced to the following ten
ones at the level of Dirac brackets [now γ rˇsˇ = −δrˇsˇ]
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) =
= pµs − bµAˇ(τ)P˜ Aˇφ = pµs − lµP˜ τφ − bµrˇ (τ)P rˇφ =
= pµs − lµ
1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2 + 2V (φ)
]
(τ, ~σ)−
− bµrˇ (τ)
∫
d3σ[π∂rˇφ](τ, ~σ) ≈ 0,
H˜µν(τ) = bµrˇ (τ)
∫
d3σσrˇHν(τ, ~σ)− bνrˇ (τ)
∫
d3σσrˇHµ(τ, ~σ) =
= Sµνs −
(
bµrˇ (τ)l
ν − bνrˇ (τ)lµ
)
1
2
∫
d3σσrˇ
[
π2 + (~∂φ)2 +m2φ2 + 2V (φ)
]
(τ, ~σ)−
−
(
bµrˇ (τ)b
ν
sˇ (τ)− bνrˇ (τ)bµsˇ (τ)
) ∫
d3σσrˇ[π∂sˇφ](τ, ~σ) =
= Sµνs − bµrˇ (τ)bνsˇ (τ)S rˇsˇφ −
(
bµrˇ (τ)l
ν − bνrˇ (τ)lµ
)
S rˇτφ ≈ 0, (2.7)
where P˜ Aˇφ = (P˜
τ
φ ;P
rˇ
φ) is the (Lorentz-scalar) 4-momentum of the field configuration and
S rˇsˇφ = J
rˇsˇ
φ |~Pφ=0, Sτ rˇφ = Jorˇφ |~Pφ=0 its spin tensor [see Appendix B].
The configuration variables are reduced from zµ(τ, ~σ), φ(τ, ~σ), to xµs (τ), to the six in-
dependent degrees of freedom hidden in the orthonormal tetrad bµ
Aˇ
(τ), to φ(τ, ~σ), and to
the associated momenta: pµs conjugate to x
µ
s ; six degrees of freedom hidden in S
µν
s as the
momenta conjugate to the variables hidden in the orthonormal tetrad bµ
Aˇ
[see Ref. [1] for the
associated Hanson-Regge Dirac brackets for these degrees of freedom]; π(τ, ~σ) conjugate to
φ(τ, ~σ).
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If we select all the configurations of the system with timelike total momentum [p2s > 0], we
can restrict ourselves to the special Wigner hyperplanes ΣWτ orthogonal to p
µ
s . The proce-
dure for doing this canonical reduction implies [1] to boost at rest the variables bµ
Aˇ
, Sµνs , with
the standard Wigner boost Lµν(ps,
◦
ps) for timelike Poincare´ orbits [
◦
p
µ
s = (ǫs = ηs
√
p2s;~0);
ηs = sign p
o
s] and then to add the gauge-fixings b
µ
Aˇ
− Lµν=Aˇ(ps, ◦ps) = bµAˇ − ǫµAˇ(u(ps)) ≈ 0
[uµ(ps) = p
µ
s/ǫs]. These gauge-fixings [only six of them are independent], together with
H˜µν(τ) ≈ 0, form six pairs of second class constraints. The Dirac brackets with respect to
these second class constraints [implying H˜µν(τ) ≡ 0] admit the following canonical basis:
φ(τ, ~σ), π(τ, ~σ), x˜µs (τ) [it is not a 4-vector, but has only the covariance of the little group of
timelike Poincare´ orbits like the Newton-Wigner position operator], pµs . As shown in Ref. [1],
the indices Aˇ = (τ, rˇ) are replaced by A = (τ, r); all the quantities Bτ are Lorentz scalars,
while the quantities ~B = {Br} are spin-1 Wigner 3-vectors; instead pµs is a Minkowski
4-vector giving the orientation of the Wigner hyperplane with respect to a given Lorentz
frame. We get Jµνs = x˜
µ
sp
ν
s − x˜νspµs + S˜µνs with the spin tensor S˜µνs given in Eqs.(59) of Ref.
[1].
Therefore, the final effect of these gauge-fixings is a canonical reduction to a phase space
spanned only by the variables x˜µs (τ), p
µ
s , φ(τ, ~σ), π(τ, ~σ), with standard Dirac brackets.
Instead of x˜µs , p
µ
s , describing a decoupled observer, one can use the canonical variables [1]:
ǫs, Ts = ps · x˜s/ǫs = ps · xs/ǫs, ~ks = ~ps/ǫs, ~zs = ǫs[~˜xs − ~pspos x˜
o
s] [~zs is the noncovariant
3-coordinate corresponding to the Newton-Wigner position operator].
The only surviving four constraints are [now ~Pφ = {P rφ} is a spin-1 Wigner 3-vector]
H(τ) = ǫs − P˜ τφ =
= ǫs − 1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2 + 2V (φ)
]
(τ, ~σ) ≈ 0,
~Hp(τ) = ~Pφ =
∫
d3σ[π~∂φ](τ, ~σ) ≈ 0. (2.8)
where P˜Aφ = (P˜
τ
φ ;
~Pφ), P˜
τ
φ = P
τ
φ +
∫
d3σV (φ)(τ, ~σ), is the 4-momentum of the field configu-
ration. The Dirac Hamiltonian is now HD = λ(τ)H + ~λ(τ) · ~Hp.
By defining S¯ABs = ǫ
A
µ (u(ps))ǫ
B
ν (u(ps))S
µν
s , we can showRef. [1] that on the Wigner hyper-
planes we have S¯ABs ≡ JABφ |PDφ =0 = SABφ [JABφ is the angular momentum of the field configu-
ration] and S˜ij = δirδjsS¯rss ≡ δirδjsS¯rsφ , S˜ois = −δirS¯rss δsjpjs/(pos+ǫs) ≡ −δirS¯rsφ δsjpjs/(pos+ǫs),
so that Jµνs becomes independent from the boosts S
τr
φ . Therefore, the generators of the re-
alization of the Poincare´ group in the rest-frame Wigner-covariant instant form of dynamics
(“external” Poincare´ algebra) are pµs [or ǫs,
~ks] and the Lorentz generators
J ijs = x˜
i
sp
j
s − x˜jspis + δirδjsS¯rss ,
Jois = x˜
o
sp
i
s − x˜ispos −
δirS¯rss p
s
s
pos + ǫs
,
S¯rss ≡ Srsφ = Jrsφ |~Pφ=0 =
∫
d3σ{σr[π∂sφ](τ, ~σ)− (r ↔ s)}|~Pφ=0. (2.9)
With the gauge fixing χ = Ts − τ ≈ 0, we can eliminate the variables ǫs, Ts, and find
that the τ -evolution (in the Lorentz scalar rest-frame time Ts ≡ τ) is governed by the
Hamiltonian
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HR =Mφ − ~λ(τ) · ~Hp(τ),
Mφ = P˜
τ
φ =
1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2 + 2V (φ)
]
(τ, ~σ), (2.10)
where Mφ is the invariant mass of the field configuration [it replaces the non relativistic
Hamiltonian Hrel appearing in the separation of the center-of-mass motion H =
~P 2
2M
+Hrel].
In the gauge ~λ(τ) = 0, the Hamilton equations are [△ = −~∂2]
∂τφ(τ, ~σ)
◦
=π(τ, ~σ),
∂τπ(τ, ~σ)
◦
= [−△−m2]φ(τ, ~σ)− ∂V (φ)
∂φ
(τ, ~σ),
⇒ [∂2τ +△+m2]φ(τ, ~σ) ◦= −
∂V (φ)
∂φ
(τ, ~σ). (2.11)
We got a description in which the noncovariant canonical “external” center-of-mass 3-
variables ~zs, ~ks, move freely and are decoupled from the Klein-Gordon field variables φ(τ, ~σ),
π(τ, ~σ), living on the Wigner hyperplane and restricted by ~Pφ ≈ 0. To reduce the field
variables only to relative degrees of freedom one has to find an “internal” collective center-
of-mass-like variable ~Xφ[φ, π] conjugate to ~Pφ, such that the gauge fixings ~Xφ ≈ 0 force
the position of the field “internal” collective variable ~σ = ~Xφ to coincide with the origin
xµs (τ) = z
µ(τ, ~σ = 0) of the Wigner hyperplane. In this way we get a decoupled point
particle observer (the “external” center of mass x˜µs of the isolated system) whose scalar time
Ts ≡ τ labels the evolution of the relative field variables on the Wigner hyperplanes, defined
by the field configuration itself, foliating Minkowski spacetime.
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III. FOURIER TRANSFORM AND MODULUS-PHASE VARIABLES ON THE
WIGNER HYPERPLANE.
In the rest-frame Wigner-covariant instant form on Wigner hyperplanes [in which one
considers only field configurations with a timelike 4-momentum], we can define the Fourier
coefficients of the fields φ(τ, ~σ), π(τ, ~σ)


a (τ, ~q) =
∫
d3σ [ω (q)φ (τ, ~σ) + iπ (τ, ~σ)] ei(ω(q)τ−~q·~σ),
a∗ (τ, ~q) =
∫
d3σ [ω (q)φ (τ, ~σ)− iπ (τ, ~σ)] e−i(ω(q)τ−~q·~σ),
φ (τ, ~σ) =
∫
dq˜
[
a (τ, ~q) e−i(ω(q)τ−~q·~σ) + a∗ (τ, ~q) e+i(ω(q)τ−~q·~σ)
]
,
π (τ, ~σ) = −i ∫ dq˜ ω (q) [a (τ, ~q) e−i(ω(q)τ−~q·~σ) − a∗ (τ, ~q) e+i(ω(~q)τ−~q·~σ)] ,
(3.1)
with
ω (q) =
√
m2 + ~q2, dq˜ = d
3q
Ω(q)
, Ω (q) = (2π)3 2ω (q) , q = |~q| = √~q2. (3.2)
Here qAσ
A = ω(q)τ − ~q · ~σ is defined by using qA = (qτ = ω(q); qr) with qτ Lorentz scalar
and ~q a spin-1 Wigner 3-vector like ~σ [on arbitrary hyperplanes all the quantities τ ,~σ ,qτ ,
~q, would be Lorentz scalars]. The Fourier coefficients are τ -dependent only when there is a
non null self interaction V (φ); they and their gradients are assumed to belong to the space
L2(dq˜).
From the Poisson brackets {φ (τ, ~σ) , π (τ, ~σ′)} = δ3 (~σ − ~σ′), we get [leaving the factor
Ω(q) to agree with the standard notations]
{
a (τ, ~q) , a∗
(
τ,~k
)}
= −iΩ (q) δ3
(
~q − ~k
)
, (3.3)
The 4-momentum and angular momentum of the field configuration are [V [a, a∗] being
the contribution of the potential V (φ) when present]
P˜ τφ = P
τ
φ + V [a, a∗] =
1
2
∫
d3σ[π2 + (~∂φ)2 +m2φ2 + 2V (φ)](τ, ~σ) =
=
∫
dq˜ ω (q) a∗ (τ, ~q) a (τ, ~q) + V [a, a∗] ,
~Pφ =
∫
d3σ[π~∂φ](τ, ~σ) =
∫
dq˜ ~q a∗ (τ, ~q) a (τ, ~q) , (3.4)
Jrsφ =
∫
d3σ[π(σr∂s − σs∂r)φ](τ, ~σ) =
= −i
∫
dq˜ a∗ (τ, ~q)
(
qr
∂
∂qs
− qs ∂
∂qr
)
a (τ, ~q) ,
Jτrφ = −τP rφ +
1
2
∫
d3σ σr [π2 + (~∂φ)2 +m2φ2](τ, ~σ) =
= −τP rφ + i
∫
dq˜ ω (q) a∗ (τ, ~q)
∂
∂qr
a (τ, ~q) . (3.5)
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We want to define four variables XAφ [φ, π] = (X
τ
φ ;
~Xφ) canonically conjugated to
PAφ [φ, π] = (P
τ
φ ;
~Pφ). First of all we make a canonical transformation to modulus-phase
canonical variables 

a (τ, ~q) =
√
I (τ, ~q) e[iϕ(τ,~q)],
a∗ (τ, ~q) =
√
I (τ, ~q) e[−iϕ(τ,~q)],
I (τ, ~q) = a∗ (τ, ~q) a (τ, ~q) ,
ϕ (τ, ~q) = 1
2i
ln
[
a(τ,~q)
a∗(τ,~q)
]
,
(3.6)
{I (τ, ~q) , ϕ (τ, ~q′)} = Ω(q) δ3 (~q − ~q′) . (3.7)
In terms of the original canonical variables φ, π, we have
I(τ, ~q) =
∫
d3σ
∫
d3σ′ ei~q·(~σ−~σ
′)[ω(q)φ(τ, ~σ)− iπ(τ, ~σ)][ω(q)φ(τ, ~σ′) + iπ(τ, ~σ′)],
ϕ(τ, ~q) =
1
2i
ln
[ ∫ d3σ [ω(q)φ(τ, ~σ) + iπ(τ, ~σ)]ei(ω(q)τ−~q·~σ)∫
d3σ′ [ω(q)φ(τ, ~σ′)− iπ(τ, ~σ′)]e−i(ω(q)τ−~q·~σ′)
]
=
= ω(q)τ +
1
2i
ln
[ ∫ d3σ [ω(q)φ(τ, ~σ) + iπ(τ, ~σ)]e−i~q·~σ∫
d3σ′ [ω(q)φ(τ, ~σ′)− iπ(τ, ~σ′)]ei~q·~σ′
]
. (3.8)

 φ (τ, ~σ) =
∫
dq˜
√
I (τ, ~q)
[
eiϕ(τ,~q)−i(ω(q)τ−~q·~σ) + e−iϕ(τ,~q)+i(ω(q)τ−~q·~σ)
]
,
π (τ, ~σ) = −i ∫ dq˜ ω (q)√I (τ, ~q) [eiϕ(τ,~q)−i(ω(q)τ−~q·~σ) − e−iϕ(τ,~q)+i(ω(q)τ−~q·~σ)] . (3.9)
The Poincare´ charges of the field configuration take the form


P˜ τφ = P
τ
φ + V [I, ϕ] =
∫
dq˜ ω (q) I (τ, ~q) + V [I, ϕ] ,
~Pφ =
∫
dq˜ ~q I (τ, ~q) ,
(3.10)


Jrsφ =
∫
dq˜ I (τ, ~q)
(
qr ∂
∂qs
− qs ∂
∂qr
)
ϕ (τ, ~q) ,
Jτrφ = −τP rφ −
∫
dq˜ ω (q) I (τ, ~q) ∂
∂qr
ϕ (τ, ~q) .
(3.11)
The classical analogue of the occupation number is [△ = −~∂2]
Nφ =
∫
dq˜ a∗(τ, ~q)a(τ, ~q) =
∫
dq˜ I(τ, ~q) =
=
1
2
∫
d3σ[π
1√
m2 +△ + φ
√
m2 +△φ](τ, ~σ). (3.12)
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IV. COLLECTIVE AND RELATIVE CANONICAL VARIABLES.
A sequence of canonical transformations from the field variables φ(x), π(x) = ∂φ(x)
∂xo
to
the Fourier coefficients a(~k), a∗(~k) [kµ = (ko = ω(k = |~k|) =
√
m2 + ~k2; ~k)], then to the
modulus-phase (or action-angle) variables I(~k), ϕ(~k), and finally to a canonical basis Xµφ [F ],
P µφ , H(~k|F ], K(~k|F ] [depending on an arbitrary normalized weight function F (Pφ, k)] was
found in Ref. [6] when the real Klein-Gordon field φ(x) satisfies certain conditions. The
main results of that paper are reviewed in Appendix B.
Here, we shall reformulate this approach on the Wigner hyperplane. Due to its peculiar
Wigner covariance properties [1], the weight function F (Pφ, k) [with its generic non poly-
nomial (for instance F ≈ e−Pφ·k) dependence upon P µφ due to manifest Lorentz covariance]
may now be replaced by two separate scalar functions F˜ τ (P τφ , q), F˜ (~Pφ, ~q). Moreover, if we
accept that these two functions are singular at ~q = 0, we can take them linear in P τφ and
~Pφ
respectively: F˜ τ (P τφ , q) = P
τ
φ F
τ (q), F˜ (~Pφ, ~q) = −~Pφ · ~qF (q) with a suitable normalization
for F τ (q) and F (q).
From Appendix B, we see that we must require the following behaviours also on the
Wigner hyperplane
i) q → ∞, σ > 0,
|a(τ, ~q)| → q− 32−σ, |I(τ, ~q)| → q−3−σ, |ϕ(τ, ~q)| → q,
ii) q → 0, ǫ > 0, η > −ǫ,
|a(τ, ~q)| → q− 32+ǫ, |I(τ, ~q)| → q−3+ǫ, |ϕ(τ, ~q)| → qη. (4.1)
in order to have the Poincare´ generators and the occupation number of Section III finite.
Let us remark that the collective and relative canonical variables can be defined in
closed form only in absence of self-interactions of the field, so that in this Section we shall
put V (φ) = V[I, ϕ] = 0.
A. Definition of the collective variables.
Let us define the four functionals of the phases
Xτφ =
∫
dq˜ω(q)F τ (q)ϕ (τ, ~q) ,
~Xφ =
∫
dq˜~q F (q)ϕ (τ, ~q) ,
⇒ {Xrφ, Xsφ} = 0, {Xτφ, Xrφ} = 0. (4.2)
depending on two Lorentz scalar functions F τ(q), F (q), whose form will be restricted by the
following requirements implying that XAφ and P
A
φ are canonical variables:{
P τφ , X
τ
φ
}
= 1,
{
P rφ , X
s
φ
}
= −δrs,
{
P rφ , X
τ
φ
}
= 0,
{
P τφ , X
r
φ
}
= 0, (4.3)
Since
{
P τφ , X
τ
φ
}
=
∫
dq˜ω2 (q)F τ (q) and
{
P rφ , X
s
φ
}
=
∫
dq˜ qrqs F (q), we must require the
following normalizations for F τ (q), F (q)
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∫
dq˜ω2(q)F τ (q) = 1 (4.4)
∫
dq˜ qrqsF (q) = −δrs. (4.5)
Moreover,
{
P rφ , X
τ
φ
}
=
∫
dq˜ω(q)qrF τ (q) and
{
P τφ , X
r
φ
}
=
∫
dq˜ω(q) qrF (q) , imply the
following conditions ∫
dq˜ω(q) qrF τ (q) = 0, (4.6)
∫
dq˜ω(q) qrF (q) = 0. (4.7)
which are automatically satisfied because F τ (q), F (q), q = |~q|, are even under qr → −qr.
A solution of Eqs.(4.4) and (4.5) is
F τ (q) =
16π2
mq2
√
m2 + q2
e−
4π
m2
q2,
F (q) = −48π
2
mq4
√
m2 + q2 e−
4π
m2
q2 . (4.8)
The singularity in ~q = 0 requires ϕ(τ, ~q)→q→0 qη, η > 0, [and not η > −ǫ as in Eq.(4.1)]
for the existence of Xτφ ,
~Xφ.
The analogue of the function F (Pφ, k) of Ref. [6] is now
F (Pφ, ~q) = F τ (q)ω (q)P τφ − F (q) ~q · ~Pφ,
∫
dq˜F (Pφ, ~q)ω (q) = P τφ ,∫
dq˜F (Pφ, ~q) qr = P rφ . (4.9)
Let us remark that for field configurations φ(τ, ~σ) such that the Fourier transform
φˆ(τ, ~q) has compact support in a sphere centered at ~q = 0 of volume V, we get Xτφ =
− 1
V
∫ d3q
ω(q)
ϕ(τ, ~q), ~Xφ =
1
V
∫
d3q 3~q
~q2
ϕ(τ, ~q).
B. Auxiliary relative variables.
As in Ref. [6], let us define an auxiliary relative action variable and an auxiliary relative
phase variable
Iˆ (τ, ~q) = I (τ, ~q)− F τ (q)P τφω (q) + F (q) ~q · ~Pφ, (4.10)
ϕˆ (τ, ~q) = ϕ (τ, ~q)− ω (q)Xτφ + ~q · ~Xφ. (4.11)
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The previous canonicity conditions on F τ (q), F (q), imply
∫
dq˜ ω (q) Iˆ (τ, ~q) = 0,∫
dq˜ qi Iˆ (τ, ~q) = 0. (4.12)
∫
dq˜F τ (q)ω (q) ϕˆ (τ, ~q) dq˜ = 0,∫
dq˜F (q) qi ϕˆ (τ, ~q) = 0. (4.13)
These auxiliary variables have the following nonzero Poisson bracket{
Iˆ
(
τ,~k
)
, ϕˆ (τ, ~q)
}
= ∆
(
~k, ~q
)
, (4.14)
with
∆
(
~k, ~q
)
= Ω(k) δ3
(
~k − ~q
)
− F τ (k)ω (k)ω (q) + F (k)~k · ~q. (4.15)
The distribution ∆
(
~k, ~q
)
has the semigroup property
∫
dq˜∆
(
~k, ~q
)
∆
(
~q,~k′
)
= ∆
(
~k,~k′
)
, (4.16)
and satisfies the constraints:
∫
dq˜ ω (q)∆
(
~q,~k
)
= 0,
∫
dq˜ qr∆
(
~q,~k
)
= 0, (4.17)
∫
dq˜ F τ (q)ω (q)∆
(
~k, ~q
)
= 0,
∫
dq˜ qr F (q)∆
(
~k, ~q
)
= 0. (4.18)
At this stage the canonical variables I(τ, ~q), ϕ(τ, ~q) for the Klein-Gordon field are replaced
by the noncanonical set Xτφ , P
τ
φ ,
~Xφ, ~Pφ, Iˆ(τ, ~q), ϕˆ(τ, ~q) with the Poisson brackets


{
P τφ , X
τ
φ
}
= 1,
{
P rφ , X
s
φ
}
= −δrs,
{
P rφ , X
τ
φ
}
= 0,
{
P τφ , X
r
φ
}
= 0,
{
Xrφ, X
s
φ
}
= 0,
{
Xτφ , X
r
φ
}
= 0,
{
PAφ , P
B
φ
}
= 0, A, B = (τ, r),
{
P τφ , Iˆ (τ, ~q)
}
= 0,
{
P rφ , Iˆ (τ, ~q)
}
= 0,
{
Iˆ (τ, ~q) , Xτφ
}
= 0,
{
Iˆ (τ, ~q) , Xrφ
}
= 0,
{
Xrφ, ϕˆ (τ, ~q)
}
= 0,
{
Xτφ, ϕˆ (τ, ~q)
}
= 0,
{
P rφ , ϕˆ (τ, ~q)
}
= 0,
{
P τφ , ϕˆ (τ, ~q)
}
= 0,
{
Iˆ
(
τ,~k
)
, ϕˆ (τ, ~q)
}
= Ω(k) δ3
(
~k − ~q
)
− F τ (k)ω (k)ω (q) + F (k)~k · ~q.
(4.19)
The generators of Lorentz group are already decomposed into two parts, the collective
and the relative ones, each satisfying the Lorentz algebra and having vanishing mutual
Poisson brackets
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

Jrsφ = L
rs
φ + Sˆ
rs
φ ,
Lrsφ = X
r
φP
s
φ −XsφP rφ ,
Sˆrsφ =
∫
dq˜ Iˆ (τ, ~q)
(
qr ∂
∂qs
− qs ∂
∂qr
)
ϕˆ (τ, ~q) ,
(4.20)


Jτrφ = L
τr
φ + Sˆ
τr
φ ,
Lτrφ = [X
τ
φ − τ ]P rφ −XrφP τφ ,
Sˆτrφ = −
∫
dq˜ ω (q) Iˆ (τ, ~q) ∂
∂qr
ϕˆ (τ, ~q) .
(4.21)
C. Canonical relative variables.
We must now find the canonical relative variables hidden inside the auxiliary ones, which
are not free but satisfy Eqs.(4.12) and (4.13).
As in Ref. [6], let us introduce the following differential operator [△LB is the Laplace-
Beltrami operator of the mass shell submanifold H13 (see Appendix B and Ref. [6,7])]
D~q = 3−m2△LB =
= 3−m2

 3∑
i=1
(
∂
∂qi
)2
+
2
m2
3∑
i=1
qi
∂
∂qi
+
1
m2
(
3∑
i=1
qi
∂
∂qi
)2 , (4.22)
which is a scalar on the Wigner hyperplane since it is invariant under Wigner’s rotations.
Since ω (q) and ~q are null modes of this operator [6], we can put
Iˆ (τ, ~q) = D~qH(τ, ~q),
H (τ, ~q) =
∫
dk˜ G
(
~q,~k
)
Iˆ
(
τ,~k
)
, (4.23)
with G
(
~q,~k
)
being the Green function of D~q [see Refs. [6,7] for its expression]
D~qG
(
~q,~k
)
= Ω(k) δ3
(
~k − ~q
)
. (4.24)
Like in Ref. [6], for each zero mode fo(~q) of D~q [D~q fo(~q) = 0] for which one has
| ∫ dq˜ fo(~q)Iˆ(τ, ~q)| <∞, we have by integration by parts∫
dq˜ fo(~q)Iˆ(τ, ~q) =
∫
dq˜ fo(~q)D~qH(τ, ~q) =
= − 1
2(2π)3
∫
d3q
∂
∂qr
(m2δrs + qrqs
ω(q)
[
fo(~q)
∂
∂qs
H(τ, ~q)−H(τ, ~q) ∂
∂qs
fo(~q)
])
. (4.25)
The boundary conditions (ensuring finite Poincare´ generators)
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H(τ, ~q) →q→0 q−1+ǫ, ǫ > 0,
H(τ, ~q)→q→∞ q−3−σ, σ > 0, (4.26)
imply
∫
dq˜ fo(~q)Iˆ(τ, ~q) = 0, or∫
dq˜ fo(~q)I(τ, ~q) = P
τ
φ
∫
dq˜ ω(q)fo(~q)F
τ (q)−
− ~Pφ ·
∫
dq˜ ~q fo(~q)F (q). (4.27)
We shall restrict ourselves to field configurations for which I(τ, ~q)→q→0 q−3+η with η ∈
(0, 1] to avoid the extra condition connected with the zero modes fo(~q) = v
(o)
2,−3,lm(~q) [see the
Qlm of Appendix B].
Instead, for the zero modes fo(~q) = v
(o)
1,−3,lm(~q) = q
l
2F1(
l−1
2
, l+3
2
; l + 3
2
;−q2) Ylm(α, β),
[~q = q(cos αcos β, cos αsin β, sin α)] of Ref. [6] we get from Eq.(4.27): i) for l=0,1, the
identities P τφ = P
τ
φ , ~Pφ = ~Pφ [v
(o)
1,−3,00 and v
(o)
1,−3,1m give fo(~q) = ω(q), ~q]; ii) for l ≥ 2 the
conditions
Plm =
∫
dq˜ v
(o)
1,−3,lm(~q)I(τ, ~q) =
= const.
∫
dq˜ ql 2F1(
l − 1
2
,
l + 3
2
; l +
3
2
;−q2) Ylm(θ, ϕ)∫
d3σ
∫
d3σ
′
ei~q·(~σ−~σ
′
)[ω(q)φ(τ, ~σ)− iπ(τ, ~σ)][ω(q)φ(τ, ~σ′) + iπ(τ, ~σ′)] = 0. (4.28)
Since ~q·(~σ−~σ′) = qcos θ|~σ−~σ′ |, one can check that Pl m6=0 is automatically zero. Moreover, in
Pl0 the term ω(q)[φ(τ, ~σ)π(τ, ~σ
′
)−φ(τ, ~σ′)π(τ, ~σ)] does not contribute for symmetry reasons.
Therefore, the final restriction is
Pl0 = const.
∫
dq˜ ql 2F1(
l − 1
2
,
l + 3
2
; l +
3
2
;−q2) Yl0(θ, ϕ)∫
d3σ
∫
d3σ
′
ei~q·(~σ−~σ
′
)
[
(m2 + q2)φ(τ, ~σ)φ(τ, ~σ
′
) + π(τ, ~σ)π(τ, ~σ
′
)
]
= 0. (4.29)
These conditions on φ(τ, ~σ) and π(τ, ~σ) = ∂τφ(τ, ~σ) identify the class of configurations of
the Klein-Gordon field for which one can define the previous canonical transformation and
for which there is no ambiguity in defining a unique realization of the Poincare´ group (the
BMS algebra degenerates in the Poincare´ algebra in this case).
We can satisfy the constraints on ϕˆ(τ, ~q) with the definition [D~qω(q) = D~q~q = 0]
ϕˆ(τ, ~q) =
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′, ~q),
K(τ, ~q) = D~qϕˆ(τ, ~q) = D~qϕ(τ, ~q),
→q→∞ q1−ǫ, ǫ > 0, →q→0 qη−2, η > 0, (4.30)
which also implies
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

{
H (τ, ~q) , Xτφ
}
= 0,
{
H (τ, ~q) , P τφ
}
= 0,{
H (τ, ~q) , Xrφ
}
= 0,
{
H (τ, ~q) , P rφ
}
= 0,
{
K (τ, ~q) , Xτφ
}
= 0,
{
K (τ, ~q) , P τφ
}
= 0,{
K (τ, ~q) , Xrφ
}
= 0,
{
K (τ, ~q) , P rφ
}
= 0,
{H (τ, ~q) ,K (τ, ~q′)} = Ω(q) δ3 (~q − ~q′) .
(4.31)
The final decomposition of Lorentz generators is


Jrsφ = L
rs
φ + S
rs
φ ,
Lrsφ = X
r
φP
s
φ −XsφP rφ ,
Srsφ =
∫
dk˜H
(
τ,~k
) (
kr ∂
∂ks
− ks ∂
∂kr
)
K
(
τ,~k
)
,


(4.32)


Jτrφ = L
τr
φ + S
τr
φ ,
Lτrφ = (X
τ
φ − τ)P rφ −XrφP τφ ,
Sτrφ = −
∫
dq˜ω (q)H (τ, ~q) ∂
∂qr
K (τ, ~q) .


(4.33)
D. Field variables in terms of collective-relative variables.
We have found the canonical transformation
I (τ, ~q) = F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q),
ϕ(τ, ~q) =
∫
dk˜
∫
dk˜′K(τ,~k)G
(
~k,~k′
)
∆
(
~k′, ~q
)
+ ω (q)Xτφ − ~q · ~Xφ,
Nφ = P
τ
φ
∫
dq˜ ω(q)F τ(q)− ~Pφ ·
∫
dq˜ ~qF (q) +
∫
dq˜D~qH(τ, ~q) =
= c˜
P τφ
m
+
∫
dq˜D~qH(τ, ~q),
c˜ = m
∫
dq˜ω(q)F τ(q) = 2
∫ ∞
0
dq√
m2 + q2
e−
4π
m2
q2 = 2e4π
∫ ∞
m
dx√
x2 −m2 e
− 4π
m2
x2,
(4.34)
with the two functions F τ (q), F (q) given in Eqs.(4.8). Its inverse is
P τφ =
∫
dq˜ω(q)I(τ, ~q) =
1
2
∫
d3σ
[
π2 + (~∂φ)2 +m2φ2
]
(τ, ~σ),
~Pφ =
∫
dq˜~q I(τ, ~q) =
∫
d3σ
[
π~∂φ
]
(τ, ~σ),
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Xτφ =
∫
dq˜ω(q)F τ(q)ϕ(τ, ~q) = τ +
+
1
2πim
∫
d3q
e−
4π
m2
q2
q2 ω(q)
ln
[ ω(q) ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)
ω(q)
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
=
def
= τ + X˜τφ , ⇒ Lτrφ = X˜τφP rφ −XrφP τφ ,
~Xφ =
∫
dq˜~q F (q)ϕ(τ, ~q) =
=
2i
πm
∫
d3q
qi
q4
e−
4π
m2
q2ln
[ √m2 + q2 ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)√
m2 + q2
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
,
H(τ, ~q) =
∫
dk˜G(~q,~k)[I(τ,~k)− F τ (k)ω(k)
∫
dq˜1ω(q1)I(τ, ~q1) +
+ F (k)~k ·
∫
dq˜1~q1 I(τ, ~q1)] =
=
∫
d3σ1d
3σ2
[
π(τ, ~σ1)π(τ, ~σ2)
∫
dk˜G(~q,~k)
∫
dk˜1△(~k,~k1)ei~k1·(~σ1−~σ2) +
+ φ(τ, ~σ1)φ(τ, ~σ2)
∫
dk˜G(~q,~k)
∫
dk˜1ω
2(k1)△(~k,~k1)ei~k1·(~σ1−~σ2) −
− i
(
π(τ, ~σ1)φ(τ, ~σ2) + π(τ, ~σ2)φ(τ, ~σ1)
)
∫
dk˜G(~q,~k)
∫
dk˜1ω(k1)△(~k.~k1)ei~k1·(~σ1−~σ2)
]
,
K(τ, ~q) = D~qϕˆ(τ, ~q) = D~qϕ(τ, ~q) =
=
1
2i
D~q ln
[ ∫
d3σ [ω (q)φ (τ, ~σ) + iπ (τ, ~σ)] e−i~q·~σ∫
d3σ′ [ω (q)φ (τ, ~σ′)− iπ (τ, ~σ′)] ei~q·~σ′
]
. (4.35)
We get the following expression of the other canonical variables a(τ, ~q), φ(τ, ~σ), π(τ, ~σ), in
terms of the final ones
a(τ, ~q) =
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)
ei[ω(q)X
τ
φ
−~q· ~Xφ]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q),
Nφ = c˜
P τφ
m
−+
∫
dk˜D~kH(τ,~k), (4.36)
φ(τ, ~σ) =
∫
dq˜
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)[
e−i[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q) +
+ ei[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]−i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q)
]
=
= 2
∫
dq˜A~q(τ ;P
A
φ ,H] cos
[
~q · ~σ +B~q(τ ;XAφ ,K]
]
,
18
π(τ, ~σ) = −i
∫
dq˜ω(q)
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q)[
e−i[ω(q)(τ−X
τ
φ)−~q·(~σ− ~Xφ)]+i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q) −
− e+i[ω(q)(τ−Xτφ)−~q·(~σ− ~Xφ)]−i
∫
dk˜
∫
dk˜′K(τ,~k)G(~k,~k′)∆(~k′,~q)
]
=
= −2
∫
dq˜ω(q)A~q(τ ;P
A
φ ,H] sin
[
~q · ~σ +B~q(τ ;XAφ ,K]
]
,
A~q(τ ;P
A
φ ,H] =
√
F τ(q)ω(q)P τφ − F (q)~q · ~Pφ +D~qH(τ, ~q) =
√
I(τ, ~q),
B~q(τ ;X
A
φ ,K] = −~q · ~Xφ − ω(q)(τ −Xτφ) +
∫
dk˜dk˜
′
K(τ,~k)G(~k,~k′)△(~k′, ~q) =
= ϕ(τ, ~q)− ω(q)τ. (4.37)
The Klein-Gordon field configuration is described by:
i) its energy P τφ and the conjugate field time-variable X
τ
φ , which is equal to τ plus some kind
of internal time X˜τφ ;
ii) the conjugate reduced canonical variables of a free point ~Xφ, ~Pφ;
iii) an infinite set of canonically conjugate relative variables H(τ, ~q), K(τ, ~q).
While the sets i) and ii) describe a “monopole” field configuration see Section V), which
depends only on 8 degrees of freedom like a scalar particle at rest [~Pφ ≈ 0] and with mass
ǫs ≈
√
(P τφ )
2 − ~P 2φ ≈ P τφ , corresponding to the decoupled collective variables of the field
configuration, the set iii) describes an infinite set of “canonical relative variables” with
respect to the relativistic collective variables of the sets i) and ii).
The conditions H(τ, ~q) = K(τ, ~q) = 0 select the class of field configurations, solutions of
the Klein-Gordon equation, which are of the “monopole” type on the Wigner hyperplanes
φmon(τ, ~σ) = 2
∫
dq˜
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφcos
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
≈
≈ 2
√
P τφ
∫
dq˜
√
F τ (q)ω(q)cos
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
,
πmon(τ, ~σ) = −2
∫
dq˜
√
F τ (q)ω(q)P τφ − F (q)~q · ~Pφsin
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
≈
≈ −2
√
P τφ
∫
dq˜
√
F τ (q)ω(q)sin
[
~q · (~σ − ~Xφ)− ω(q)(τ −Xτφ)
]
. (4.38)
If we add the gauge-fixings ~Xφ ≈ 0 to ~Pφ ≈ 0 [this implies ~λ(τ) = 0 in Eq.(2.10)] and
go to Dirac brackets, the rest-frame instant-form Klein-Gordon canonical variables in the
gauge τ ≡ Ts = ps · xs/ǫs (see the end of Section II) are [in the following formulas one has
Ts −Xτφ = −X˜τφ ]
a(Ts, ~q) =
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q)
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q),
Nφ = c˜
P τφ
m
+
∫
dq˜D~qH(Ts, ~q),
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φ(Ts, ~σ) =
∫
dq˜
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q)[
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q) +
+ e−i[ω(q)X˜
τ
φ
+~q·~σ]−i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q)
]
=
= 2
∫
dq˜A~q(Ts;P
τ
φ ,H] cos
[
~q · ~σ +B~q(Ts; X˜τφ ,K]
]
,
π(Ts, ~σ) = −i
∫
dq˜ω(q)
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q)[
ei[ω(q)X˜
τ
φ
+~q·~σ]+i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q) −
− e−i[ω(q)X˜τφ+~q·~σ]−i
∫
dk˜
∫
dk˜′K(Ts,~k)G(~k,~k′)∆(~k′,~q)
]
=
= −2
∫
dq˜ ω(q)A~q(Ts;P
τ
φ ,H] sin
[
~q · ~σ +B~q(Ts; X˜τφ ,K]
]
,
A~q(Ts;P
τ
φ ,H] =
√
F τ (q)ω(q)P τφ +D~qH(Ts, ~q) =
√
I(Ts, ~q),
B~q(Ts;X
τ
φ ,K] =
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q) + ω(q)X˜τφ =
= ϕ(Ts, ~q)− ω(q)Ts,
⇓
∂φ(Ts, ~σ)
∂P τφ
=
∫
dq˜F τ (q)ω(q)
cos
[
~q · ~σ +B~q(Ts; X˜τφ,K]
]
A~q(Ts;P τφ ,K]
,
∂φ(Ts, ~σ)
∂Xτφ
= 2
∫
dq˜ω(q)A~q(Ts;P
τ
φ ,H]sin
[
~q · ~σ +B~q(Ts; X˜τφ ,K]
]
,
δφ(Ts, ~σ)
δK(Ts, ~q)
= 2
∫
dk˜A~k(Ts;P
τ
φ ,H]
sin
[
~k · ~σ +B~k(Ts; X˜τφ ,K]
] ∫
dk˜
′G(~q,~k′)△(~k′, ~k),
δφ(Ts, ~σ)
δH(Ts, ~q)
=
∫
dk˜
(cos [~k · ~σ +B~k(Ts; X˜τφ,K]
]
A~k(Ts;P
τ
φ ,H]
)
D~kδ3(~q − ~k) =
= −D~q
(cos [~q · ~σ +B~q(Ts; X˜τφ,K]]
A~q(Ts;P τφ ,H]
)
. (4.39)
From Eq.(2.10), the Hamiltonian is now Mφ = P
τ
φ : it generates the following evolution
in Ts
∂
∂Ts
Xτφ
◦
= {Xτφ , P τφ} = −1, ⇒ Xτφ ◦= − Ts,
∂
∂Ts
P τφ
◦
=0,
∂
∂Ts
H(Ts, ~q)
◦
=0,
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∂∂Ts
K(Ts, ~q)
◦
=0,
⇒ ∂
∂Ts
A~q(Ts;P
τ
φ ,H] =
∂
∂Ts
B~q(Ts; X˜
τ
φ ,K]
◦
=0,
∂
∂Ts
φ(Ts, ~σ)
◦
= − ∂
∂Xτφ
φ(Ts, ~σ) = π(Ts, ~σ),
∂
∂Ts
π(Ts, ~σ)
◦
= − ∂
∂Xτφ
π(Ts, ~σ) = −[△+m2]φ(Ts, ~σ),
⇒ ( ∂
2
∂T 2s
− ∂
2
∂~σ2
+m2)φ(Ts, ~σ)
◦
=0. (4.40)
Therefore, in the free case H(Ts, ~q), K(Ts, ~q) are constants of the motion [complete inte-
grability and Liouville theorem for the Klein-Gordon field]. Since the canonical variable P τφ
is the Hamiltonian for the evolution in Ts ≡ τ , we need the “internal” variable Xτφ = τ + X˜τφ
[i.e. the “internal time variable” X˜τφ ] to write Hamilton’s equations
∂
∂Ts
F
◦
= {F, P τφ} =
− ∂F
∂Xτ
φ
= − ∂F
∂X˜τ
φ
; in the free case we have ∂
∂Ts
◦
= − ∂
∂Xτ
φ
on φ(Ts, ~σ)[X
τ
φ , P
τ
φ ,H,K] and
π(Ts, ~σ)[X
τ
φ, P
τ
φ ,H,K], so that the evolution in the time X
τ
φ = Ts + X˜
τ
φ [which takes place
inside the Wigner hyperplane and which can be interpreted as an evolution in the internal
time X˜τφ ] is equal and opposite to the evolution in the rest-frame time Ts from a Wigner
hyperplane to the next one in the free case.
By adding the two second class constraints Xτφ − Ts = X˜τφ ≈ 0, P τφ − const. ≈ 0, and by
going to Dirac brackets, we get the rest-frame Hamilton-Jacobi formulation corresponding to
the given constant value of the total energy [the field φ(Ts, ~σ), which is Ts-independent since
it depends only on the internal time X˜τφ , now becomes also X˜
τ
φ- independent]. In this way
we find a symplectic subspace (spanned by the canonical variables H, K) of each constant
energy [P τφ = const.] surface of the Klein-Gordon field. Each constant energy surface is not
a symplectic manifold, but in this way it turns out to be the disjoint union (over X˜τφ) of the
symplectic manifolds determined by X˜τφ = const., P
τ
φ = const.
E. A family of canonical multipoles.
From Eqs.(4.39) we get [assuming that we can interchange the sums with the integrals]
φ(Ts, ~σ) = 2
∫
dq˜A~q(Ts;P
τ
φ ,H]
(
cos ~q · ~σ cosB~q(Ts; X˜τφ ,K]−
− sin ~q · ~σ sinB~q(Ts; X˜τφ ,K]
)
=
=
∞∑
k=0
(−)k
[σr1 ...σr2k+1
(2k + 1)!
T r1...r2k+1φ,O −
σr1...σr2k
(2k)!
T r1..r2kφ,E
]
,
π(Ts, ~σ) = −2
∫
dq˜ω(q)A~q(Ts;P
τ
φ ,H]
(
sin ~q · ~σ cosB~q(Ts; X˜τφ ,K] +
+ cos ~q · ~σ sinB~q(Ts; X˜τφ ,K]
)
=
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= −
∞∑
k=0
(−)k
[σr1 ...σr2k+1
(2k + 1)!
T r1...r2k+1π,O −
σr1...σr2k
(2k)!
T r1..r2kπ,E
]
,
T r1...r2k+1φ,O = 2
∫
dq˜ qr1 ...qr2k+1 A~q(Ts;P
τ
φ ,H]cosB~q(Ts; X˜
τ
φ ,K],
T r1..r2kφ,E = 2
∫
dq˜ qr1 ...qr2k A~q(Ts;P
τ
φ ,H]sinB~q(Ts; X˜
τ
φ ,K],
T r1...r2k+1π,O = 2
∫
dq˜ω(q) qr1...qr2k+1 A~q(Ts;P
τ
φ ,H]sinB~q(Ts; X˜
τ
φ ,K],
T r1..r2kπ,E = 2
∫
dq˜ω(q) qr1...qr2k A~q(Ts;P
τ
φ ,H]cosB~q(Ts; X˜
τ
φ ,K]. (4.41)
In this way we have defined a set of canonical multipoles of the fields φ(Ts, ~σ), π(Ts, ~σ),
with respect to ~σ = 0 , i.e. with respect to the origin xµs (τ) of the Wigner hyperplanes (a
noncanonical covariant centroid) and they are expressed in terms of the final canonical basis
for the Klein-Gordon field.
When the fields have a compact support W in momentum space, it can be shown that
the only nonvanishing Poisson brackets of these multipoles are
{T r1...r2k+1π,O , T s1...s2h+1φ,O } = Ir1...r2k+1,s1...s2h+1,
{T r1...r2kπ,E , T s1...s2hφ,E } = −Ir1...r2k,s1...s2h,
Ir1...rm,s1...sn = 2
∫
W
dq˜ω2(q)qr1 · · · qrmqs1 · · · qsn. (4.42)
That is they form a closed algebra with a generalized Kronecker symbol, which could be
quantized instead of the Fourier coefficients.
F. Effects of self interactions V (φ).
When there is an interaction term V (φ), the Hamiltonian becomes Mφ = P˜
τ
φ = P
τ
φ +∫
d3σV (φ)(Ts, ~σ) and one has [see the difference between the rest-frame time evolution and
the internal time one in presence of interactions]
∂
∂Ts
Xτφ
◦
= −1 − ∂
∂P τφ
∫
d3σV (φ(Ts, ~σ)) =
= −1 −
∫
dk˜
F τ (k)ω(k)
A~k(Ts;P
τ
φ ,H]
∫
d3σV
′
(φ(Ts, ~σ))cos [~k · ~σ +B~k(Ts;Xτφ ,K] ],
∂
∂Ts
P˜ τφ
◦
= 0,
∂
∂Ts
P τφ
◦
=
∂
∂Xτφ
∫
d3σV (φ(Ts, ~σ)) =
= −2
∫
dk˜ω(k)A~k(Ts;P
τ
φ ,H]
∫
d3σV
′
(φ(Ts, ~σ))sin [~k · ~σ +B(Ts;Xτφ ,K] ],
∂
∂Ts
H(Ts, ~q)
◦
=
δ
δK(Ts, ~q)
∫
d3σV (φ(Ts, ~σ)) =
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= −2
∫
d3σV
′
(φ(Ts, ~σ))
∫
dk˜A~k(Ts;P
τ
φ ,H]
sin [~k · ~σ +B~k(Ts;Xτφ,K] ]
∫
dk˜
′ G(~q,~k′)△(~k′, ~k),
∂
∂Ts
K(Ts, ~q)
◦
= − δ
δH(Ts, ~q)
∫
d3σV (φ(Ts, ~σ)) =
= −
∫
d3σV
′
(φ(Ts, ~σ))D~q
(cos [~q · ~σ +B~q(Ts;Xτφ ,K]]
A~q(Ts;P
τ
φ ,H]
)
, (4.43)
with V
′
(φ) = ∂V (φ)/∂φ. In particular we get
∂
∂Ts
A~q(Ts;P
τ
φ ,H] =
1
2A~q(Ts;P τφ ,H]
[
F τ (q)ω(q)
∂P τφ
∂Ts
+D~q ∂H(Ts, ~q)
∂Ts
] ◦
=
◦
= − 1
A~q(Ts;P
τ
φ ,H]
∫
d3σV
′
(φ(Ts, ~σ))
∫
dk˜
[
F τ (q)ω(q)ω(k) +△(~q,~k)
]
A~k(Ts;P
τ
φ ,H]sin
[
~k · ~σ +B~k(Ts;Xτφ ,K]
]
=
= − 1
A~q(Ts;P τφ ,H]
∫
dk˜A~k(Ts;P
τ
φ ,H]
∫
d3σV
′
(φ(Ts, ~σ))
sin
[
~k · ~σ +B~k(Ts;Xτφ ,K]
][
Ω(k)δ3(~q − ~k) + F (q)~q · ~k
]
,
∂
∂Ts
B~q(Ts;X
τ
φ ,K] = −ω(q)
(
1− ∂X
τ
φ
∂Ts
)
+
∫
dk˜dk˜
′ ∂K(Ts, ~k)
∂Ts
G(~k,~k′)△(~k′, ~q) ◦=
◦
= −2ω(q)−
∫
d3σV
′
(φ(Ts, ~σ))
∫
dk˜
[
ω(q)F τ(k)ω(k) +△(~k, ~q)
]cos [~k · ~σ +B~k(Ts;Xτφ ,K]
]
A~k(Ts;P
τ
φ ,H]
=
= −2ω(q)−
∫
dk˜
Ω(k)δ3(~q − ~k) + F (k)~q · ~k
A(Ts;P
τ
φ ,H]∫
d3σV
′
(φ(Ts, ~σ))cos
[
~k · ~σ +B~k(Ts;Xτφ ,K]
]
. (4.44)
For V (φ) = 1
n+1
ξφn+1 we have:
V
′
(φ(Ts, ~σ)) = ξφ
n(Ts, ~σ) = 2
nξ
∫
dq˜1..dq˜nA~q1(Ts;P
τ
φ ,H]....A~qn(Ts;P
τ
φ ,H]cos
(
~q1 · ~σ +
B~q1(Ts; X˜
τ
φ,K]
)
...cos
(
~qn · ~σ +B~qn(Ts; X˜τφ ,K]
)
.
For the sine-Gordon case we have V (φ) = µ
4
λ
[cos (
√
λ
µ
− 1] and V ′(φ(Ts, ~σ)) =
µ3√
λ
sin
(√
λ
µ
φ(Ts, ~σ)
)
= µ
3√
λ
sin
(
2
√
λ
µ
∫
dq˜A~q(Ts;P
τ
φ ,H]cos
[
~q · ~σ +B~q(Ts; X˜τφ ,K]
])
.
With a completely integrable interaction, it should exist a new canonical basis ˆ˜X
τ
φ, Pˆ
τ
φ ,
Hˆ(Ts, ~q), Kˆ(Ts, ~q) with
ˆ˜X
τ
φ the real “internal” time like in the free case.
For instance, in the new canonical basis of Eqs.(4.35) one can define a family
of completely integrable interactions associated with the Hamiltonian Mφ = P
τ
φ +
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∫
dq˜[terms quadratic inH(Ts, ~q) andK(Ts, ~q)]. However, their associated Lagrangian den-
sity as functionals of φ(τ, ~σ) would be completely non local first because the canonical
transformation φ, π 7→ XAφ , PAφ ,H,K is non local, and second because one would have to
solve an integral equation to get the momenta π(τ, ~σ) in terms of the velocities φ˙(τ, ~σ)
[ ∂
∂Ts
φ(Ts, ~σ)
◦
= {φ(Ts, ~σ),Mφ}].
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V. THE ENERGY-MOMENTUM TENSOR ON WIGNER HYPERPLANES,
DIXON’S MULTIPOLES AND THE CENTER OF MASS OF A FIELD
CONFIGURATION.
Let us now look at other properties of the Klein-Gordon field on the Wigner hyperplanes.
In particular we are interested in identifying which kind of collective variables describe the
center of mass of a field configuration and which is their relation, if any, with the previous
collective variables. In so doing, we shall consider a field configuration as a relativistic
extended body and we shall study its Dixon multipoles [9].
The Euler-Lagrange equations from the action (2.1) are
( ∂L
∂zµ
− ∂A ∂L
∂zµA
)
(τ, ~σ) = ηµν∂A[
√
gTAB[φ]zνB](τ, ~σ)
◦
=0,
(∂L
∂φ
− ∂A ∂L
∂∂Aφ
)
(τ, ~σ)
◦
=0, (5.1)
where we introduced the energy-momentum tensor
TAB(τ, ~σ)[φ] = −
[ 2√
g
δS
δgAB
]
(τ, ~σ) =
= [∂Aφ∂Bφ− 1
2
gAB(π2 − (~∂φ)2 −m2φ2)](τ, ~σ). (5.2)
When ∂A[
√
gzµB] = 0, as it happens on the Wigner hyperplanes in the gauge Ts − τ ≈ 0,
~λ(τ) = 0, we get the conservation of the energy-momentum tensor TAB, i.e. ∂AT
AB ◦=0.
Otherwise, there is compensation coming from the dynamics of the surface.
The conserved, manifestly Lorentz covariant, energy-momentum tensor of the Klein-
Gordon field T µν(x)[φ˜] = −1
2
ηµν [∂αφ˜(x)∂
αφ˜(x) − m2φ˜2(x)] + ∂µφ˜(x)∂ν φ˜(x) becomes
TAB(τ, ~σ)[φ] in coordinates adapted to the hypersurface Στ [σ
A = (τ, ~σ), qA = (ω(q), ~q)],
where
TAB(τ, ~σ)[φ] = zAµ (τ, ~σ)z
B
ν (τ, ~σ)T
µν(z(τ, ~σ))[φ˜] =
= zAµ (τ, ~σ)z
B
ν (τ, ~σ)T
µν(τ, ~σ)[φ = φ˜ ◦ z] =
= −1
2
gAB(τ, ~σ)
[
π2 − (~∂φ)2 −m2φ2
]
(τ, ~σ) + ∂Aφ(τ, ~σ)∂Bφ(τ, ~σ). (5.3)
By using the results in Ref. [1], we have the following expression for the energy-
momentum tensor
1) On arbitrary spacelike hypersurfaces we get
T µν(τ, ~σ)[φ] = −1
2
ηµν
[
∂Aφ(τ, ~σ)∂
Aφ(τ, ~σ)−m2φ2(τ, ~σ)
]
+
+ zµA(τ, ~σ)z
ν
B(τ, ~σ)∂
Aφ(τ, ~σ)∂Bφ(τ, ~σ) =
=
[
− 1
2
ηµνgττ + (zµτ g
ττ + zµug
uτ)(zντ g
ττ + zνvg
vτ )
]
(τ, ~σ)π2(τ, ~σ) +
+
[
− ηµνgτr + (zµτ gττ + zµuguτ )(zντ gτr + zνvgvr) +
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+ (zµτ g
τr + zµug
ur)(zντ g
ττ + zνvg
vτ )
]
(τ, ~σ)[π ∂rφ](τ, ~σ) +
+
[
− 1
2
ηµνgrs + (zµτ g
τr + zµug
ur)(zντ g
τs + zνvg
vs)
]
(τ, ~σ)[∂rφ∂sφ](τ, ~σ) +
+
1
2
ηµνm2φ2(τ, ~σ). (5.4)
2) On arbitrary spacelike hyperplanes, where
zµ(τ, ~σ) = xµs (τ) + b
µ
u(τ)σ
u,
zµr (τ, ~σ) = b
µ
r (τ), z
µ
τ (τ, ~σ) = x˙
µ
s (τ) + b˙
µ
u(τ)σ
u = lµ/
√
gττ − gτrzµr ,
gττ = x˙s · b˙rσr]2, gτr = brµ[x˙µs + b˙µsσs],
grs = −δrs, γrs = −δrs, γ = 1,
g = gττ +
∑
r
g2τr,
gττ = 1/[lµ(x˙
µ
s + b˙
µ
uσ
u)]2, gτr = gττgτr = brµ(x˙
µ
s + b˙
µ
uσ
u)/[lµ(x˙
µ
s + b˙
µ
uσ
u)]2,
grs = −δrs + gττgτrgτs = −δrs + brµ(x˙µs + b˙µuσu)brν(x˙νs + b˙νvσv)/[lµ(x˙µs + b˙µuσu)]2, (5.5)
there is no relevant simplification for T µν(xβs (τ) + b
β
u(τ)σ
u)[φ].
3) On Wigner hyperplanes, where
zµ(τ, ~σ) = xµs (τ) + ǫ
µ
u(u(ps))σ
u,
zµr = ǫ
µ
r (u(ps), l
µ = uµ(ps), z
µ
τ = x˙
µ
s (τ),
g = [x˙s(τ) · u(ps)], gττ = x˙2s, gτr = x˙sµǫµr (u(ps)), grs = −δrs,
gττ = 1/[x˙sµu
µ(ps)]
2, gτr = x˙sµǫ
µ
r (u(ps))/[x˙sµu
µ(ps)]
2,
grs = −δrs + x˙sµǫµr (u(ps))x˙sνǫνs(u(ps))/[x˙sµuµ(ps)]2, (5.6)
we get
T µν [xµs (τ) + ǫ
µ
u(u(ps))σ
u][φ] =
1
[x˙s(τ) · u(ps)]2
[
− 1
2
ηµν +
+ [x˙µs (τ) + x˙sρ(τ)ǫ
ρ
u(u(ps))ǫ
µ
u(u(ps))][x˙
ν
s (τ) + x˙sσ(τ)ǫ
σ
u(u(ps))ǫ
ν
u(u(ps))]
]
π2(τ, ~σ) +
+
1
[x˙s(τ) · u(ps)]2
[1
2
ηµν
(
[x˙s(τ) · u(ps)]2δrs − x˙sα(τ)ǫαr (u(ps))x˙sβ(τ)ǫβs (u(ps))) +
+ [x˙s(τ) · u(ps)]2
(
ǫµr (u(ps))−
x˙sβ(τ)ǫ
β
r (u(ps))
[x˙s(τ) · u(ps)]2 [x˙
µ
s (τ) + x˙sα(τ)ǫ
α
u(u(ps))ǫ
µ
u(u(ps))]
)
(
ǫνr(u(ps))−
x˙sβ(τ)ǫ
β
r (u(ps))
[x˙s(τ) · u(ps)]2 [x˙
ν
s (τ) + x˙sα(τ)ǫ
α
v (u(ps))ǫ
ν
v(u(ps))]
)]
[∂rφ∂sφ](τ, ~σ) +
1
2
ηµνm2φ2(τ, ~σ) +
+
1
[x˙s(τ) · u(ps)]2
[
− ηµν x˙sρ(τ)ǫρr(u(ps))−
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− [x˙µs (τ) + x˙sρ(τ)ǫρu(u(ps))ǫµu(u(ps))](
ǫνr(u(ps))−
x˙sβ(τ)ǫ
β
r (u(ps))
[x˙s(τ) · u(ps)]2 [x˙
ν
s (τ) + x˙sα(τ)ǫ
α
v (u(ps))ǫ
ν
v(u(ps))]
)
−
−
(
ǫµr (u(ps))−
x˙sβ(τ)ǫ
β
r (u(ps))
[x˙s(τ) · u(ps)]2 [x˙
µ
s (τ) + x˙sα(τ)ǫ
α
u(u(ps))ǫ
µ
u(u(ps))]
)
[x˙νs (τ) + x˙sρ(τ)ǫ
ρ
v(u(ps))ǫ
ν
v(u(ps))][π∂rφ](τ, ~σ). (5.7)
Since we have
x˙µs (τ) = −λµ(τ) = [uµ(ps)uν(ps)− ǫµr (u(ps))ǫνr (u(ps))]x˙sν(τ) =
= −uµ(ps)λ(τ) + ǫµr (u(ps))λr(τ),
x˙2s(τ) = λ
2(τ)− ~λ(τ) > 0,
Uµs (τ) =
x˙µs (τ)√
x˙2s(τ)
=
−λ(τ)uµ(ps) + λr(τ)ǫµr (u(ps))√
λ2(τ)− ~λ2(τ)
, (5.8)
the timelike worldline described by the origin of the Wigner hyperplane is arbitrary (i.e.
gauge dependent): xµs (τ) may be any covariant noncanonical centroid [the real “external”
center of mass is the canonical noncovariant x˜µs (Ts) = x
µ
s (Ts) − 1ǫs(pos+ǫs)
[
psνS
νµ
s + ǫs(S
oµ
s +
Soνs
psνp
µ
s
ǫ2s
)
]
: it describes a decoupled point particle observer ; see Section VI].
In the gauge Ts − τ ≈ 0, ~Xφ ≈ 0, implying λ(τ) = −1, ~λ(τ) = 0 [gττ = 1, gτr = 0], we
get x˙µs (Ts) = u
µ(ps). Therefore, in this gauge, we have the centroid x
µ
s (Ts) = x
( ~Xφ)µ
s (Ts) =
xµs (0)+Tsu
µ(ps), which carries the Klein-Gordon “internal” collective variable ~σφ = ~Xφ ≈ 0
(see Section VI).
In this gauge we get the following form of the energy-momentum tensor [ηµν =
uµ(ps)u
ν(ps)−∑3r=1 ǫµr (u(ps))ǫνr (u(ps))]
T µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] = T µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][XAφ , P
A
φ ,H,K] =
=
1
2
uµ(ps)u
ν(ps)[π
2 + (~∂φ)2 +m2φ2](Ts, ~σ) +
+ ǫµr (u(ps))ǫ
ν
s (u(ps))[−
1
2
δrs[π
2 − (~∂φ)2 −m2φ2] +
+ ∂rφ∂sφ](Ts, ~σ)−
− [uµ(ps)ǫνr(u(ps)) + uν(ps)ǫµr (u(ps))][π∂rφ](Ts, ~σ) =
=
[
ρ[φ, π]uµ(ps)u
ν(ps) + P[φ, π][ηµν − uµ(ps)uν(ps)] +
+ uµ(ps)q
ν [φ, π] + uν(ps)q
µ[φ, π] +
+ T rsan stress[φ, π]ǫ
µ
r (u(ps))ǫ
ν
s(u(ps))
]
(Ts, ~σ),
ρ[φ, π] =
1
2
[π2 + (~∂φ)2 +m2φ2],
P[φ, π] = 1
2
[π2 − 5
3
(~∂φ)2 −m2φ2],
qµ[φ, π] = −π∂rφǫµr (u(ps)),
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T rsan stress[φ, π] = −[∂rφ∂sφ−
1
3
δrs(~∂φ)2],
δuvT
uv
an stress[φ, π] = 0,
T rsstress(Ts, ~σ)[φ] = ǫ
r
µ(u(ps))ǫ
s
ν(u(ps))T
µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] =
= [∂rφ∂sφ](Ts, ~σ)− 1
2
δrs[π2 − (~∂φ)2 −m2φ2](Ts, ~σ),
T µµ[x
µ
s (Ts) + ǫ
µ
u(u(ps))σ
u][φ] = 2[π2 − (~∂φ)2 −m2φ2](Ts, ~σ),
T µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] uν(ps) =
1
2
[π2 + (~∂φ)2 +m2φ2](Ts, ~σ)u
µ(ps) +
+ [π∂rφ](Ts, ~σ)ǫ
µ
r (u(ps)),
P µT [φ] =
∫
d3σT µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ]uν(ps) =
= P τφu
µ(ps) + P
r
φǫ
µ
r (u(ps)) ≈ P τφuµ(ps) ≈ pµs ,
Mφ = P
µ
T [φ]uµ(ps) = P
τ
φ .
(5.9)
While the stress tensor of the Klein-Gordon field on the Wigner hyperplanes is
T rsstress(Ts, ~σ)[φ], from the last line of the expression of the energy-momentum tensor we
see that it acquires a form reminiscent of the energy-momentum tensor of an ideal relativis-
tic fluid as seen from a local observer at rest (Eckart decomposition; see Ref. [14] ): i) the
constant normal uµ(ps) to the Wigner hyperplanes replaces the hydrodynamic velocity field
of the fluid; ii) ρ[φ, π](Ts, ~σ] is the energy density; iii) P[φ, π](Ts, ~σ) is the analogue of the
pressure (sum of the thermodynamical pressure and of the non-equilibrium bulk stress or
viscous pressure); iv) qµ[φ, π](Ts, ~σ) is the analogue of the heat flow; v) T
rs
an stress[φ, π](Ts, ~σ)
is the shear (or anisotropic) stress tensor.
We can now study the manifestly Lorentz covariant Dixon multipoles [9] for the free
real Klein-Gordon field on the Wigner hyperplanes in the gauge λ(τ) = −1, ~λ(τ) = 0
[so that x˙µs (Ts) = u
µ(ps), x¨
µ
s (Ts) = 0, x
µ
s (Ts) = u
µ(ps)Ts + x
µ
s (0)] with respect to the
origin xµs (Ts) [δx
µ
s (~σ) = ǫ
µ
u(u(ps))σ
u; (µ1..µn) means symmetrization, while [µ1..µn] means
antisymmetrization]
tµ1...µnµνT (Ts) = t
(µ1...µn)(µν)
T (Ts) =
=
∫
d3σδxµ1s (~σ)...δx
µn
s (~σ)T
µν [xµs (Ts) + ǫ
µ
u(u(ps))σ
u][φ] =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))[
uµ(ps)u
ν(ps)
1
2
∫
d3σσr1 ...σrn [π2 + (~∂φ)2 +m2φ2](Ts, ~σ) +
+ ǫµr (u(ps))ǫ
ν
s (u(ps))
∫
d3σσr1 ...σrn[−1
2
δrs[π
2 − (~∂φ)2 −m2φ2] +
+ ∂rφ∂sφ](Ts, ~σ) +
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))]
∫
d3σσr1 ...σrn [π∂rφ](Ts, ~σ)
]
=
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= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ
A(u(ps))ǫ
ν
B(u(ps))I
r1..rnAB
T (Ts) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))
[
uµ(ps)u
ν(ps)I
r1...rnττ
T (Ts) +
+ ǫµr (u(ps))ǫ
ν
s (u(ps))I
r1...rnrs
T (Ts) +
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))]I
r1...rnrτ
T (Ts)
]
,
uµ1(ps) t
µ1...µnµν
T (Ts) = 0,
F or n = 0 (monopole) IττT (Ts) = P
τ
φ , I
rτ
T (Ts) = P
r
φ ,
tµ1...µnµT µ(Ts) =
∫
d3σδxµ1s (~σ)...δx
µn
s (~σ)T
µ
µ[x
µ
s (Ts) + ǫ
µ
u(u(ps))σ
u][φ] =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))∫
d3σσr1 ...σrn
[
2[π2 − (~∂φ)2]−m2φ2
]
(Ts, ~σ) =
def
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))I
r1...rnA
T A(Ts)
Ir1r2AT A(Ts) = Iˇ
r1r2A
T A(Ts)−
1
3
δr1r2δuvI
uvA
T A(Ts) = i
r1r2
T (Ts)−
1
2
δr1r2δuvi
uv
T (Ts),
Iˇr1r2AT A(Ts) = i
r1r2
T (Ts)−
1
3
δr1r2δuvi
uv
T (Ts), δuv Iˇ
uvA
T A(Ts) = 0,
ir1r2T (Ts) = I
r1r2A
T A(Ts)− δr1r2δuvIuvAT A(Ts) =
=
∫
d3σ(σr1σr2 − δr1r2~σ2)
[
2[π2 − (~∂φ)2]−m2φ2
]
(Ts, ~σ),
t˜µ1...µnT (Ts) = t
µ1...µnµν
T (Ts)uµ(ps)uν(ps) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))I
r1..rnττ
T (Ts),
t˜µ1T (Ts) = ǫ
µ1
r1
(u(ps))
1
2
∫
d3σσr1[π2 + (~∂φ)2 +m2φ2](Ts, ~σ) =
= ǫµ1r1 (u(ps))I
r1ττ
T (Ts) = −P τφ ǫµ1r1 (u(ps))rr1φ ,
t˜µ1µ2T (Ts) = ǫ
µ1
r1 (u(ps))ǫ
µ2
r2 (u(ps))I
r1r2ττ
T (Ts),
Ir1r2ττT (Ts) = Iˆ
r1r2ττ
T (Ts)−
1
3
δr1r2δuvI
uvττ
T (Ts) = i˜
r1r2
T (Ts)−
1
2
δr1r2δuv i˜
uv
T (Ts),
Iˆr1r2ττT (Ts) = i˜
r1r2
T (Ts)−
1
3
δr1r2δuv i˜
uv
T (Ts), δuv Iˆ
uvττ
T (Ts) = 0,
i˜r1r2T (Ts) = I
r1r2ττ
T (Ts)− δr1r2δuvIuvττT (Ts). (5.10)
The Wigner covariant multipoles Ir1..rnττT (Ts), I
r1..rnrs
T (Ts), I
r1..rnrτ
T (Ts) are the mass,
stress and momentum multipoles respectively.
The quantities Iˇr1r2AT A(Ts) and i
r1r2
T (Ts) are the traceless quadrupole moment and the
inertia tensor defined by Thorne in Ref. [15].
The quantities Ir1r2ττT (Ts) and i˜
r1r2
T (Ts) are Dixon’s definitions of quadrupole moment
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and of tensor of inertia respectively.
Moreover, Dixon’s definition of “center of mass” of an extended object is t˜µ1T (Ts) = 0
or IrττT (Ts) = −P τφ rrφ = 0: therefore the quantity ~rφ defined in the previous equation is
a noncanonical [{rrφ, rsφ} = Srsφ ] candidate for the “internal” center of mass of the field
configuration: its vanishing is a gauge fixing for ~Pφ ≈ 0 and implies xµs (Ts) = x(~rφ)µs (Ts) =
xµs (0) + u
µ(ps)Ts (see next Section).
When IrττT (Ts) = 0, the equations 0 =
dIrττ
T
(Ts)
dTs
= −P τφ
drr
φ
dTs
= d
dTs
∫
d3σ σr[π2 + (~∂φ)2 +
m2φ2](Ts, ~σ)
◦
= − P rφ implies the correct momentum-velocity relation
~Pφ
P τ
φ
◦
=
d~rφ
dTs
≈ 0¿
These multipoles, whose Poisson brackets are non-trivial, are related to the previous ones
of Eqs.(4.41), with the Poisson brackets given in Eqs.(4.42),in the following way (remember
that these other multipoles exist only if the Klein-Gordon fields have compact support V in
momentum space)
Ir1...rnττT (Ts) =
1
2
∫
d3σσr1...σrn [π2 + (~∂φ)2 +m2φ2](Ts, ~σ) =
= 2
∫
dq˜1dq˜2A~q1(Ts;P
τ
φ ,H]A~q2(Ts;P
τ
φ ,H]
∫
d3σσr1...σrn(
[ω(q1)ω(q2) + ~q1 · ~q2]sin (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])sin (~q2 · ~σ +B~q2(Ts; X˜τφ ,K]) +
+ m2cos (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])cos (~q2 · ~σ +B~q2(Ts; X˜τφ ,K])
)
=
=
1
2
∞∑
h,k=0
(−)h+k
( 1
(2h+ 1)!(2k + 1)!
[
V
r1...rnu1...u2h+1v1...v2k+1
1
[T u1...u2h+1π,O T v1...v2k+1π,O +m2T u1...u2h+1φ,O T v1...v2k+1φ,O ] +
+ V
r1...rnu1...u2h+1v1...v2k+1
2 T u1...u2h+1φ,O T v1...v2k+1φ,O
]
−
− 1
(2h+ 1)!(2k)!
[
V
r1...rnu1...u2h+1v1...v2k
1 [T u1...u2h+1π,O T v1...v2kπ,E +m2T u1...u2h+1φ,O T v1...v2kφ,E ] +
+ V
r1...rnu1...u2h+1v1...v2k
2 T u1...u2h+1φ,O T v1...v2kφ,E
]
−
− 1
(2h)!(2k + 1)!
[
V
r1...rnu1...u2hv1...v2k+1
1 [T u1...u2hπ,E T v1...v2k+1π,O +m2T u1...u2hφ,E T v1...v2k+1φ,O ] +
+ V
r1...rnu1...u2hv1...v2k+1
2 T u1...u2hφ,E T v1...v2k+1φ,O
]
+
+
1
(2h)!(2k)!
[
V r1...rnu1...u2hv1...v2k1 [T u1...u2hπ,E T v1...v2kπ,E +m2T u1...u2hφ,E T v1...v2kφ,E ] +
+ V r1...rnu1...u2hv1...v2k2 T u1...u2hφ,E T v1...v2kφ,E
])
,
Ir1...rnrsT (Ts) =
∫
d3σσr1 ...σrn [−1
2
δrs[π
2 − (~∂φ)2 −m2φ2] + ∂rφ∂sφ](Ts, ~σ) =
= 4
∫
dq˜1dq˜2A~q1(Ts;P
τ
φ ,H]A~q2(Ts;P
τ
φ ,H]
∫
d3σσr1...σrn
(
− 1
2
δrs
[
[ω(q1)ω(q2)− ~q1 · ~q2]
sin (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])sin (~q2 · ~σ +B~q2(Ts; X˜τφ ,K])−
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− m2cos (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])cos (~q2 · ~σ +B~q2(Ts; X˜τφ ,K])
]
+
+ qr1q
s
2sin (~q1 · ~σ +B~q1(Ts; X˜τφ,K])sin (~q2 · ~σ +B~q2(Ts; X˜τφ ,K])
)
=
=
∞∑
h,k=0
(−)h+k
( 1
(2h+ 1)!(2k + 1)!
[
− 1
2
δrsV
r1...rnu1...u2h+1v1...v2k+1
1
[T u1...u2h+1π,O T v1...v2k+1π,O −m2T u1...u2h+1φ,O T v1...v2k+1φ,O ] +
+ (
1
2
δrsV
r1...rnu1...u2h+1v1...v2k+1
2 + V
r1...rnu1...u2h+1v1...v2k+1rs
3 )T u1...u2h+1φ,O T v1...v2k+1φ,O
]
−
− 1
(2h+ 1)!(2k)!
[
− 1
2
δrsV
r1...rnu1...u2h+1v1...v2k
1
[T u1...u2h+1π,O T v1...v2kπ,E −m2T u1...u2h+1φ,O T v1...v2kφ,E ] +
+ (
1
2
δrsV
r1...rnu1...u2h+1v1...v2k
2 + V
r1...rnu1...u2h+1v1...v2krs
3 )T u1...u2h+1φ,O T v1...v2kφ,E
]
−
− 1
(2h)!(2k + 1)!
[
− 1
2
δrsV
r1...rnu1...u2hv1...v2k+1
1
[T u1...u2hπ,E T v1...v2k+1π,O −m2T u1...u2hφ,E T v1...v2k+1φ,O ] +
+ (
1
2
δrsV
r1...rnu1...u2hv1...v2k+1
2 + V
r1...rnu1...u2hv1...v2k+1rs
3 )T u1...u2hφ,E T v1...v2k+1φ,O
]
+
+
1
(2h)!(2k)!
[
− 1
2
δrsV r1...rnu1...u2hv1...v2k1 [T u1...u2hπ,E T v1...v2kπ,E −m2T u1...u2hφ,E T v1...v2kφ,E ] +
+ (
1
2
δrsV r1...rnu1...u2hv1...v2k2 + V
r1...rnu1...u2hv1...v2krs
3 )T u1...u2hφ,E T v1...v2kφ,E
])
,
Ir1...rnrτT (Ts) =
∫
d3σσr1 ...σrn [π∂rφ](Ts, ~σ) =
= 4
∫
dq˜1dq˜2A~q1(Ts;P
τ
φ ,H]A~q2(Ts;P
τ
φ ,H]ω(q1)q
r
2
∫
d3σσr1 ...σrn
sin (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])sin (~q2 · ~σ +B~q2(Ts; X˜τφ ,K]) =
=
∞∑
h,k=0
(−)h+k
( 1
(2h+ 1)!(2k + 1)!
V
r1...rnu1...u2h+1v1...v2k+1
4 T u1...u2h+1π,O T v1...v2k+1φ,O −
− 1
(2h+ 1)!(2k)!
V
r1...rnu1...u2h+1v1...v2k
4 T u1...u2h+1π,O T v1...v2kφ,E −
− 1
(2h)!(2k + 1)!
V
r1...rnu1...u2hv1...v2k+1
4 T u1...u2hπ,E T v1...v2k+1φ,O +
+
1
(2h)!(2k)!
V r1...rnu1...u2hv1...v2k4 T u1...u2hπ,E T v1...v2kφ,E
)
,
where
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V r1...rnu1...uhv1...vk1 =
∫
V
d3σσr1...σrnσu1 ...σuhσv1 ...σvk ,
V r1...rnu1...uhv1...vk2 =
∫
V
d3σσr1...σrn~∂(σu1...σuh) · ~∂(σv1 ...σvk),
V r1...rnu1...uhv1...vkrs3 =
∫
V
d3σσr1 ...σrn∂r(σu1 ...σuh) ∂s(σv1 ...σvk),
V r1...rnu1...uhv1...vkr4 =
∫
V
d3σσr1 ...σrnσu1...σuh ∂r(σv1 ...σvk). (5.11)
Then there are the related Dixon multipoles
pµ1...µnµT (Ts) = t
µ1...µnµν
T (Ts)uν(ps) = p
(µ1...µn)µ
T (Ts) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ
A(u(ps))I
r1..rnAτ
T (Ts) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))
∫
d3σσr1 ...σrn
[1
2
[π2 + (~∂φ)2 +m2φ2](Ts, ~σ)u
µ(ps) +
+ [π∂rφ](Ts, ~σ)ǫ
µ
r (u(ps))
]
=
= 2ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))∫
dq˜1dq˜2A~q1(Ts;P
τ
φ ,H]A~q2(Ts;P
τ
φ ,H]
∫
d3σσr1 ...σrn[
uµ(ps)
(
(ω(q1)ω(q2) + ~q1 · ~q2)
sin (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])sin (~q2 · ~σ +B~q2(Ts; X˜τφ ,K]) +
+ m2cos (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])cos (~q1 · ~σ +B~q1(Ts; X˜τφ ,K])
)
−
− ǫµr (u(ps)) qr2 sin(~q1 · ~σ +B~q1(Ts; X˜τφ,K])sin(~q2 · ~σ +B~q2(Ts; X˜τφ ,K])
]
,
uµ1(ps) p
µ1...µnµ
T (Ts) = 0,
n = 0 ⇒ pµT (Ts) = P µT [φ] = ǫµA(u(ps))PAφ ≈ pµs ,
pµ1..µnµT (Ts)uµ(ps) = t˜
µ1...µn
T (Ts) = ǫ
µ1
r1
(u(ps))...ǫ
µn
rn (u(ps))I
r1..rnττ
T (Ts). (5.12)
The spin dipole is defined as
SµνT (Ts)[φ] = 2p
[µν]
T (Ts) = 2ǫ
[µ
r (u(ps))ǫ
ν]
A(u(ps))I
rAτ
T (Ts) =
= [ǫµr (u(ps))u
ν(ps)− ǫνr(u(ps))uµ(ps)]
1
2
∫
d3σσr[π2 + (~∂φ)2 +m2φ2](Ts, ~σ) +
+ [ǫµr (u(ps))ǫ
ν
s(u(ps))− ǫνr(u(ps))ǫµs (u(ps))]
∫
d3σσr[π∂sφ](Ts, ~σ) =
= Sµνs = ǫ
µ
r (u(ps))ǫ
ν
s (u(ps))S
rs
φ + [ǫ
µ
r (u(ps))u
ν(ps)− ǫνr (u(ps))uµ(ps)]Sτrφ =
= ǫµr (u(ps))ǫ
ν
s(u(ps))
∫
dq˜H(Ts, ~q)
(
qr
∂
∂qs
− qs ∂
∂qr
)
K(Ts, ~q)−
− [ǫµr (u(ps))uν(ps)− ǫνr(u(ps))uµ(ps)]
∫
dq˜ ω(q)H(Ts, ~q)
∂
∂qr
K(Ts, ~q),
uµ(ps)S
µν
T (Ts)[φ] = −ǫνr (u(ps))Sτrφ = −t˜νT (Ts) = P τφ ǫνr(u(ps))rrφ, (5.13)
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with uµ(ps)S
µν
T (Ts)[φ] = 0 when t˜
µ1
T (Ts) = 0 and this condition can be taken as a def-
inition of center of mass equivalent to Dixon’s one. When this condition holds, the
barycentrice spin dipole is SµνT (Ts)[φ] = 2ǫ
[µ
r (u(ps))ǫ
ν]
s (u(ps))I
rsτ
T (Ts), so that I
[rs]τ
T (Ts) =
ǫrµ(u(ps))ǫ
s
ν(u(ps))S
µν
T (Ts)[φ].
As shown in Ref. [9], if the Klein-Gordon field has a compact support W on the Wigner
hyperplanes ΣWτ and if f(x) is a C
∞ complex-valued scalar function on Minkowski spacetime
with compact support [so that its Fourier transform f˜(k) =
∫
d4xf(x)eik·x is a slowly increas-
ing entire analytic function on Minkowski spacetime (|(xo+ iyo)qo...(x3+ iy3)q3f(xµ+ iyµ)| <
Cqo...q3e
ao|yo|+...+a3|y3|, aµ > 0, qµ positive integers for every µ and Cqo...q3 > 0), whose inverse
is f(x) =
∫ d4k
(2π)4
f˜(k)e−ik·x], we have
< T µν , f > =
∫
d4xT µν(x)f(x) =
=
∫
dTs
∫
d3σf(xs + δxs)T
µν [xs(Ts) + δxs(~σ)][φ] =
=
∫
dTs
∫
d3σ
∫
d4k
(2π)4
f˜(k)e−ik·[xs(Ts)+δxs(~σ)]T µν [xs(Ts) + δxs(~σ)][φ] =
=
∫
dTs
∫ d4k
(2π)4
f˜(k)e−ik·xs(Ts)
∫
d3σT µν [xs(Ts) + δxs(~σ)][φ]
∞∑
n=0
(−i)n
n!
[kµǫ
µ
u(u(ps))σ
u]n =
=
∫
dTs
∫
d4k
(2π)4
f˜(k)e−ik·xs(Ts)
∞∑
n=0
(−i)n
n!
kµ1 ...kµnt
µ1...µnµν
T (Ts), (5.14)
and, but only for f(x) analytic in W [9], we get
< T µν , f > =
∫
dTs
∞∑
n=0
1
n!
tµ1...µnµνT (Ts)
∂nf(x)
∂xµ1 ...∂xµn
|x=xs(Ts),
⇓
T µν(x)[φ] =
∞∑
n=0
(−1)n
n!
∂n
∂xµ1 ...∂xµn
∫
dTsδ
4(x− xs(Ts))tµ1...µnµνT (Ts). (5.15)
For a non analytic f(x) we have
< T µν , f > =
∫
dTs
N∑
n=0
1
n!
tµ1...µnµνT (Ts)
∂nf(x)
∂xµ1 ...∂xµn
|x=xs(Ts) +
+
∫
dTs
∫ d4k
(2π)4
f˜(k)e−ik·xs(Ts)
∞∑
n=N+1
(−i)n
n!
kµ1 ...kµnt
µ1...µnµν
T (Ts), (5.16)
and, as shown in Ref. [9], from the knowledge of the moments tµ1...µnµT (Ts) for all n > N we
can get T µν(x) and, thus, all the moments with n ≤ N .
In Appendix C other types of Dixon’s multipoles are analyzed. From this study it turns
out that the multipolar expansion(5.15) may be rearranged with the help of the Hamilton
equations implying ∂µT
µν ◦=0, so that for analytic Klein-Gordon configurations from Eq.(C5)
we get
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T µν(x)[φ]
◦
= u(µ(ps)ǫ
ν)
A (u(ps))
∫
dTs δ
4(x− xs(Ts))PAφ +
+
1
2
∂
∂xρ
∫
dTs δ
4(x− xs(Ts))Sρ(µT (Ts)[φ]uν)(ps) +
+
∞∑
n=2
(−1)n
n!
∂n
∂xµ1 ...∂xµn
∫
dTs δ
4(x− xs(Ts))Iµ1..µnµνT (Ts), (5.17)
where for n ≥ 2 Iµ1..µnµνT (Ts) = 4(n−1)n+1 J (µ1..µn−1|µ|µn)νT (Ts), with the quantities
Jµ1..µnµνρσT (Ts) being the Dixon 2
2+n-pole inertial moment tensors given in Eqs.(C7) [the
quadrupole and related inertia tensor are proportional to Ir1r2ττT (Ts)].
The equations ∂µT
µν ◦=0 imply the Papapetrou-Dixon-Souriau equations for the ‘pole-
dipole’ system P µT (Ts) and S
µν
T (Ts)[φ] [see Eqs.(C1) and (C4)]
dP µT (Ts)
dTs
◦
=0,
dSµνT (Ts)[φ]
dTs
◦
=2P
[µ
T (Ts)u
ν](ps) = 2P
r
φǫ
[µ
r (u(ps))u
ν](ps) ≈ 0. (5.18)
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VI. EXTERNAL AND INTERNAL CANONICAL CENTER OF MASS,
MOLLER’S CENTER OF ENERGY AND FOKKER-PRYCE CENTER OF
INERTIA
Let us now consider the problem of the definition of the relativistic center of mass of
a Klein-Gordon field configuration, after having seen in the previous Section, Eq(5.12),
Dixon’s definition of this concept in the multipolar approach. Let us remark that in the
approach leading to the rest-frame instant form of dynamics on Wigner’s hyperplanes there
is a splitting of this concept in an “external” and an “internal” one. One can either look
at the isolated system from an arbitrary Lorentz frame or put himself inside the Wigner
hyperplane.
From outside one finds after the canonical reduction to Wigner hyperplane that there is
an origin xµs (τ) for these hyperplanes (a covariant noncanonical centroid) and a noncovariant
canonical coordinate x˜µs (τ) describing an “external” decoupled point particle observer with
a clock measuring the rest-frame time Ts. Associated with them there is the “external”
realization (2.9) of the Poincare´ group.
Instead, all the degrees of freedom of the isolated system (here the Klein-Gordon field
configuration) are described by canonical variables on the Wigner hyperplane restricted by
the rest-frame condition ~Pφ ≈ 0, implying that an “internal” collective variable ~Xφ is a
gauge variable and that only relative variables are physical degrees of freedom (a form of
weak Mach principle). Inside the Wigner hyperplane at τ = 0 there is another realization of
the Poincare´ group given by Eqs. (3.4), (3.5) with generators P τφ , P
r
φ , J
rs
φ , K
r
φ = J
τr
φ |τ=0 =
Sτrφ , the “internal” Poincare´ algebra. By using the methods of Ref. [10] (where there is a
complete discussion of many definitions of relativistic center-of-mass-like variables) we can
build the following three ’internal” (that is inside the Wigner hyperplane) Wigner 3-vectors
corresponding to the 3-vectors ’canonical center of mass’ ~qφ, ’Moller center of energy’ ~rφ
and ’Fokker-Pryce center of inertia’ ~yφ (the analogous concepts for the relativistic N-body
problem are under study [5]).
The noncanonical “internal” Møller center of energy and the associated spin 3-vector are
~rφ = −
~Kφ
P τφ
= − 1
2P τφ
∫
d3σ ~σ [π2 + (~∂φ)2 +m2φ2](τ, ~σ) =
= − 2
P τφ
∫
dq˜1dq˜2A~q1(τ ;P
A
φ ,H]A~q2(τ ;P
A
φ ,H]
∫
d3σ ~σ
(
[ω(q1)ω(q2) + ~q1 · ~q2]sin (~q1 · ~σ +B~q1(τ ;XAφ ,K])sin (~q2 · ~σ +B~q2(τ ;XAφ ,K]) +
+ m2cos (~q1 · ~σ +B~q1(τ ;XAφ ,K])cos (~q2 · ~σ +B~q2(τ ;XAφ ,K])
)
,
~Ωφ = ~Jφ − ~rφ × ~Pφ,
{rrφ, P sφ} = δrs, {rrφ, P τφ} =
P rφ
P τφ
,
{rrφ, rsφ} = −
1
(P τφ )
2
ǫrsuΩuφ,
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{Ωrφ,Ωsφ} = ǫrsu(Ωuφ −
1
(P τφ )
2
(~Ωφ · ~Pφ) P uφ ), {Ωrφ, P τφ} = 0. (6.1)
We see that ~rφ coincides with Dixon’s definition of Eq.(5.12).
The canonical “internal” center of mass [{qrφ, qsφ} = 0, {qrφ, P sφ} = δrs, {Jrφ, qsφ} = ǫrsuquφ]
is
~qφ = ~rφ −
~Jφ × ~Ωφ√
(P τφ )
2 − ~P 2φ(P τφ +
√
(P τφ )
2 − ~P 2φ)
=
= −
~Kφ√
(P τφ )
2 − ~P 2φ
+
~Jφ × ~Pφ√
(P τφ )
2 − ~P 2φ(P τφ +
√
(P τφ )
2 − ~P 2φ)
+
+
( ~Kφ · ~Pφ) ~Pφ
P τφ
√
(P τφ )
2 − ~P 2φ
(
P τφ +
√
(P τφ )
2 − ~P 2φ
) ,
≈ ~rφ for ~Pφ ≈ 0; {~qφ, P τφ} =
~Pφ
P τφ
≈ 0,
~Sqφ = ~Jφ − ~qφ × ~Pφ =
=
P τφ ~Jφ√
(P τφ )
2 − ~P 2φ
+
~Kφ × ~Pφ√
(P τφ )
2 − ~P 2φ
− (
~Jφ · ~Pφ) ~Pφ√
(P τφ )
2 − ~P 2φ
(
P τφ +
√
(P τφ )
2 − ~P 2φ
) ≈
≈ ~Sφ, for ~Pφ ≈ 0,
{~Sqφ, ~Pφ} = {~Sqφ, ~qφ} = 0, {Srqφ, Ssqφ} = ǫrsuSuqφ. (6.2)
The “internal” noncanonical Fokker-Pryce center of inertia’ ~yφ is
~yφ = ~qφ +
~Sqφ × ~Pφ√
(P τφ )
2 − ~P 2φ(P τφ +
√
(P τφ )
2 − ~P 2φ)
= ~rφ +
~Sqφ × ~Pφ
P τφ
√
(P τφ )
2 − ~P 2φ
,
~qφ = ~rφ +
~Sqφ × ~Pφ
P τφ (P
τ
φ +
√
(P τφ )
2 − ~P 2φ)
=
P τφ~rφ +
√
(P τφ )
2 − ~P 2φ~yφ
P τφ +
√
(P τφ )
2 − ~P 2φ
,
{yrφ, ysφ} =
1
P τφ
√
(P τφ )
2 − ~P 2φ
ǫrsu
[
Suqφ +
(~Sqφ · ~Pφ)P uφ√
(P τφ )
2 − ~P 2φ(P τφ +
√
(P τφ )
2 − ~P 2φ)
]
,
~Pφ ≈ 0⇒ ~qφ ≈ ~rφ ≈ ~yφ. (6.3)
The Wigner 3-vector ~qφ is therefore the canonical 3-center of mass of the Klein-Gordon
field [since ~qφ ≈ ~rφ, it also describe that point zµ(τ, ~qφ) = xµs (τ) + qrφǫµr (u(ps)) where the
energy of the field configuration is concentrated]. Instead, the previous variable ~Xφ should be
better named the ’center of phase’ of the field configuration. There should exist a canonical
transformation from the canonical basis X˜τφ , P
τ
φ ,
~Xφ, ~Pφ, H(τ,~k), K(τ,~k), to a new basis
qτφ, P
τ ′
φ =
√
(P τφ )
2 − ~P 2φ [since {~qφ, P τφ} = ~Pφ/P τφ only weakly zero], ~qφ, ~Pφ, H′(τ,~k), K′(τ,~k)
containing relative variables with respect to the true center of mass of the field configuration.
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However it does not seem easy to identify this final canonical basis; in particular it is not
clear how to find the ‘time’ variable qτφ. Maybe the methods used in Ref. [5] can be extended
from particles to fields.
The gauge fixing ~qφ ≈ 0 [it also implies ~λ(τ) = 0 like ~Xφ ≈ 0] forces all three internal
center-of-mass variables to coincide with the origin xµs of the Wigner hyperplane. We shall
denote x
(~qφ)µ
s (τ) = xµs (0) + τu
µ(ps) the origin in this gauge, because, as we shall see, in this
case it enjoys of properties not present in the ~Xφ ≈ 0 gauge [where we have that x(
~Xφ)µ
s (τ) =
xµs (0)+ τu
µ
s (ps) is formally equal to x
(~qφ)µ
s (τ), but, since t˜
µ
T (Ts) 6= 0, uµ(ps)SµνT (Ts)[φ] 6= 0, it
has to be interpreted as a different centroid].
In the gauge ~qφ ≈ 0 the origin becomes the Dixon’s center of mass which coincide with the
internal Moller center of energy as shown in Eq.(5.12) [and then Eq.(5.16) implies that the
origin is also the Tulczyjew [16] and the Pirani [17] centroid (see Ref. [18] for a review of these
concepts in relation with the Papapetrou-Dixon-Souriau pole-dipole approximation of an
extended object), because they are defined by psµS
µν
T (Ts)[φ] ≈ 0 and by uµ(ps)SµνT (Ts)[φ] ≈ 0
respectively and we have pµs = ǫsu
µ(ps)]. Therefore, the worldline x
(~qφ)µ
s is the unique center-
of-mass worldline of special relativity in the sense of Refs. [19].
The rest-frame instant form “external” realization of the Poincare´ algebra of Eq. (2.9)
has the generators pµs , J
ij
s = x˜
i
sp
j
s − x˜jspis + δirδjsSrsφ , Kis = Jois = x˜ospis − x˜ispos −
δirSrs
φ
pss
pos+ǫs
=
x˜osp
i
s − x˜ispos + δir (
~Sφ×~ps)r
pos+ǫs
[for x˜os = 0 this is the Newton-Wigner decomposition of J
µν
s ].
As already said the canonical variables x˜µs , p
µ
s , may be replaced by the canonical pairs
ǫs = ±
√
p2s, Ts = ps · x˜s/ǫs [to be gauge fixed with Ts − τ ≈ 0]; ~ks = ~ps/ǫs = ~u(ps),
~zs = ǫs(~˜xs − ~pspos x˜
o
s) ≡ ǫs~qs.
One can build three “external” 3-variables, the canonical ~Qs, the Moller ~Rs and the
Fokker-Pryce ~Ys by using this rest-frame “external” realization of the Poincare´ algebra
~Rs = − 1
pos
~Ks = (~˜xs − ~ps
pos
x˜os)−
~Sφ × ~ps
pos(p
o
s + ǫs)
,
~Qs = ~˜xs − ~ps
pos
x˜os =
~zs
ǫs
= ~Rs +
~Sφ × ~ps
pos(p
o
s + ǫs)
=
pos
~Rs + ǫs~Ys
pos + ǫs
,
~Ys = ~Qs +
~Sφ × ~ps
ǫs(pos + ǫs)
= ~Rs +
~Sφ × ~ps
posǫs
,
{Rrs, Rss} = −
1
(pos)
2
ǫrsuΩus ,
~Ωs = ~Js − ~Rs × ~ps,
{Y rs , Y ss } =
1
ǫspos
ǫrsu
[
Suφ +
(~Sφ · ~ps) pus
ǫs(pos + ǫs)
]
,
~ps · ~Qs = ~ps · ~Rs = ~ps · ~Ys = ~ks · ~zs,
~ps = 0⇒ ~Qs = ~Ys = ~Rs, (6.4)
with the same velocity and coinciding in the Lorentz rest frame where
◦
p
µ
s = ǫs(1;~0)
In Ref. [10] in a one-time framework without constraints and at a fixed time, it is shown
that the 3-vector ~Ys [but not ~Qs and ~Rs] satisfies the condition {Krs , Y ss } = Y rs {Y ss , pos} for
37
being the space component of a 4-vector Y µs . In the enlarged canonical treatment including
time variables, it is not clear which are the time components to be added to ~Qs, ~Rs, ~Ys, to
rebuild 4-dimesnional quantities x˜µs , R
µ
s , Y
µ
s , in an arbitrary Lorentz frame Γ, in which the
origin of the Wigner hyperplane is the 4-vector xµs = (x
o
s; ~xs). We have
x˜µs (τ) = (x˜
o
s(τ); ~˜xs(τ)) = x
µ
s −
1
ǫs(pos + ǫs)
[
psνS
νµ
s + ǫs(S
oµ
s − Soνs
psνp
µ
s
ǫ2s
)
]
, pµs ,
x˜os =
√
1 + ~k2s(Ts +
~ks · ~zs
ǫs
) =
√
1 + ~k2s(Ts +
~ks · ~qs) 6= x0s, pos = ǫs
√
1 + ~k2s ,
~˜xs =
~zs
ǫs
+ (Ts +
~ks · ~zs
ǫs
)~ks = ~qs + (Ts + ~ks · ~qs)~ks, ~ps = ǫs~ks. (6.5)
for the non-covariant (frame-dependent) canonical center of mass and its conjugate momen-
tum.
Each Wigner hyperplane intersects the worldline of the arbitrary origin 4-vector xµs (τ) =
zµ(τ,~0) in ~σ = 0, the pseudo worldline of x˜µs (τ) = z
µ(τ, ~˜σ) in some ~˜σ and the worldline of
the Fokker-Pryce 4-vector Y µs (τ) = z
µ(τ, ~σY ) in some ~σY [on this worldline one can put the
“internal center of mass” with the gauge fixing ~qφ ≈ 0 (~qφ ≈ ~rφ ≈ ~yφ due to ~Pφ ≈ 0)]; one
also has Rµs = z
µ(τ, ~σR). Since we have Ts = u(ps) · xs = u(ps) · x˜s ≡ τ on the Wigner
hyperplane labelled by τ , we require that also Y µs , R
µ
s have time components such that they
too satisfy u(ps) · Ys = u(ps) · Rs = Ts ≡ τ . Therefore, it is reasonable to assume that x˜µs ,
Y µs and R
µ
s satisfy the following equations consistently with Eqs.(6.1), (6.2) when Ts ≡ τ
and ~qφ ≈ 0
x˜µs = (x˜
o
s; ~˜xs) = (x˜
o
s;
~zs
ǫs
+ (Ts +
~ks · ~zs
ǫs
)~ks) = x
(~qφ)µ
s + ǫ
µ
u(u(ps))σ˜
u,
Y µs = (x˜
o
s;
1
ǫs
[~zs +
~Sφ × ~ps
ǫs[1 + uo(ps)]
] + (Ts +
~ks · ~zs
ǫs
)~ks ) =
= x˜µs + η
µ
r
(~Sφ × ~ps)r
ǫs[1 + uo(ps)]
=
= x(~qφ)µs + ǫ
µ
u(u(ps))σ
u
Y ,
Rµs = (x˜
o
s;
1
ǫs
[~zs −
~Sφ × ~ps
ǫsuo(ps)[1 + uo(ps)]
] + (Ts +
~ks · ~zs
ǫs
)~ks ) =
= x˜µs − ηµr
(~Sφ × ~ps)r
ǫsuo(ps)[1 + uo(ps)]
=
= x(~qφ)µs + ǫ
µ
u(u(ps))σ
u
R,
Ts = u(ps) · x(~qφ)s = u(ps) · x˜s = u(ps) · Ys = u(ps) · Rs,
σ˜r = ǫrµ(u(ps))[x
(~qφ)µ
s − x˜µs ] =
ǫrµ(u(ps))[uν(ps)S
νµ
s + S
oµ
s ]
[1 + uo(ps)]
=
= −Sτrφ +
Srsφ p
s
s
ǫs[1 + uo(ps)]
= ǫsr
r
φ +
Srsφ u
s(ps)
1 + uo(ps)
≈
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≈ ǫsqrφ +
Srsφ u
s(ps)
1 + uo(ps)
≈ S
rs
φ u
s(ps)
1 + uo(ps)
,
σrY = ǫrµ(u(ps))[x
(~qφ)µ
s − Y µs ] = σ˜r − ǫru(u(ps))
(~Sφ × ~ps)u
ǫs[1 + uo(ps)]
=
= σ˜r +
Srsφ u
s(ps)
1 + uo(ps)
= ǫsr
r
φ ≈ ǫsqrφ ≈ 0,
σrR = ǫrµ(u(ps))[x
(~qφ)µ
s −Rµs ] = σ˜r + ǫru(u(ps))
(~Sφ × ~ps)u
ǫsuo(ps)[1 + uo(ps)]
=
= σ˜r − S
rs
φ u
s(ps)
uo(ps)[1 + uo(ps)]
= ǫsr
r
φ +
[1− uo(ps)]Srsφ us(ps)
uo(ps)[1 + uo(ps)]
≈
≈ [1− u
o(ps)]S
rs
φ u
s(ps)
uo(ps)[1 + uo(ps)]
,
⇒ x(~qφ)µs (τ) = Y µs , for ~qφ ≈ 0, (6.6)
namely in the gauge ~qφ ≈ 0 the external Fokker-Pryce non canonical center of inertia co-
incides with the origin x
(~qφ)µ
s (τ) carrying the “internal” center of mass (coinciding with the
“internal” Mo¨ller center of energy and with the “internal” Fokker-Pryce center of inertia)
and also being the Pirani centroid and the Tulczyjew centroid.
Therefore, if we would find the canonical basis qτφ, P
τ ′
φ =
√
(P τφ )
2 − ~P 2φ , ~qφ, ~Pφ, H′(τ, ~q),
K
′
(τ, ~q), then, in the gauge ~qφ ≈ 0 and Ts ≈ τ , the Klein-Gordon field configurations would
have the four-momentum density peaked on the worldline x
(~qφ)µ
s (Ts); the canonical variables
H
′
(τ, ~q), K
′
(τ, ~q) would characterize the relative motions with respect to the “monopole”
configuration describing the center of mass of the field configuration. The “monopole”
solutions of the Klein-Gordon equation would be identified by the conditions H
′
(τ, ~q) =
K
′
(τ, ~q) = 0 [formally they are given by Eqs.(4.38) with Xτφ ,
~Xφ and P
τ
φ replaced by q
τ
φ, ~qφ
and
√
(P τφ )
2 − ~P 2φ ]: these field configurations have the same independent degrees of freedom
of a free scalar particle at rest with mass P τ
′
φ ≈ P τφ [its conjugate “time” qτφ would satisfy
∂/∂Ts
◦
= ∂/∂qτφ in the free case, see Subsection D of Section IV].
Remember that the canonical center of mass lies in between the Moller center of energy
and the Fokker-Pryce center of inertia and that the noncovariance region around the Fokker-
Pryce 4-vector extends to a worldtube with radius (the Moller radius) |~Sφ|/P τφ .
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VII. COUPLING TO SCALAR PARTICLES.
In this Section we shall consider a Yukawa-type coupling of the Klein-Gordon field to the
masses of scalar relativistic particles [1] to find which are the Dirac observables spanning
the reduced phase space. The action is
S =
∫
dτL(τ) =
∫
dτd3σ
(
N(τ, ~σ)
√
γ(τ, ~σ)
1
2
[
gττ φ˙2 + 2gτ rˇφ˙∂rˇφ+ g
rˇsˇ∂rˇφ∂sˇφ−m2φ2
]
(τ, ~σ)−
−
N∑
i=1
δ3(~σ − ~ηi(τ))
[
ηimi +Gφ(τ, ~σ)]
√
[gττ + 2gτ rˇη˙rˇi (τ) + grˇsˇη˙
rˇ
i (τ)η˙
sˇ
i (τ)
]
(τ, ~σ)
)
=
=
∫
dτd3σ
(√
γ(τ, ~σ)
1
2
[ 1
N
[∂τ −N rˇ∂rˇ]φ [∂τ −N sˇ∂sˇ]φ+
+ N [γ rˇsˇ∂rˇφ∂sˇφ−m2φ2]
]
(τ, ~σ)−
N∑
i=1
δ3(~σ − ~ηi(τ))[ηimi +Gφ(τ, ~σ)]
√
[N2 + grˇsˇ(N rˇ + η˙rˇi (τ))(N
sˇ + η˙sˇi (τ))](τ, ~σ)
)
,
(7.1)
and the canonical momenta are
κirˇ(τ) = −∂L(τ)
∂η˙rˇi
=
[
ηimi +Gφ(τ, ~ηi(τ))
]
grˇsˇ(N
sˇ + η˙sˇi (τ))√
N2 + grˇsˇ(N rˇ + η˙
rˇ
i (τ))(N
sˇ + η˙sˇi (τ))
(τ, ~ηi(τ)),
π(τ, ~σ) =
∂L
∂∂τφ(τ, ~σ)
=
=
√
γ(τ, ~σ)
N(τ, ~σ)
[
φ˙−N rˇ∂rˇφ
]
(τ, ~σ),
ρµ(τ, ~σ) = − ∂L
∂∂τ zµ(τ, ~σ)
=
= lµ(τ, ~σ)
[ (√γ
2
[
1
N2
(φ˙−N rˇ∂rˇφ)2 − γ rˇsˇ∂rˇφ∂sˇφ+m2φ2]
)
(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ)) [ηimi +Gφ(τ, ~σ)]N(τ, ~σ)√
[N2 + grˇsˇ(N rˇ + η˙
rˇ
i (τ))(N
sˇ + η˙sˇi (τ))](τ, ~σ)
]
+
+ zsˇµ(τ, ~σ)γ
sˇrˇ(τ, ~σ)
[(√γ
N
∂rˇφ(φ˙−N uˇ∂uˇφ)
)
(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ)) [ηimi +Gφ]grˇsˇ(N
uˇ + η˙uˇi (τ))√
N2 + grˇsˇ(N rˇ + η˙rˇi (τ))(N
sˇ + η˙sˇi (τ))
(τ, ~σ)
]
. (7.2)
We get the first class constraints
Hµ(τ, ~σ) = ρµ(τ, ~σ)−
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−lµ(τ, ~σ)
[( π2
2
√
γ
−
√
γ
2
[γ rˇsˇ∂rˇφ∂sˇφ−m2φ2]
)
(τ, ~σ) +
+
N∑
i=1
δ3(~σ − ~ηi(τ))ηi
√
[ηimi +Gφ(τ, ~σ)]2 − γ rˇsˇ(τ, ~σ)κirˇ(τ)κisˇ(τ)
]
−
− zsˇµ(τ, ~σ)γ rˇsˇ(τ, ~σ)
[
(π∂rˇφ)(τ, ~σ) +
N∑
i=1
δ3(~σ − ~ηi(τ))κirˇ(τ)
]
≈ 0. (7.3)
Following the procedure of Section II, one can arrive at the reduction on the Wigner
hyperplanes, where the remaining four first class constraints and Dirac Hamiltonian are
H(τ) = ǫs −
[ N∑
i=1
ηi
√
[ηimi +Gφ(τ, ~ηi(τ))]2 + ~κ
2
i (τ) +
+
1
2
∫
d3σ[π2 + (~∂φ)2 +m2φ2](τ, ~σ)
]
= ǫs −M ≈ 0,
~Hp(τ) =
N∑
i=1
~κi(τ) +
∫
d3σ[π~∂φ](τ, ~σ) ≈ 0,
HD = λ(τ)H + ~λ(τ) · ~Hp. (7.4)
In the gauge Ts − τ ≈ 0 the Hamiltonian is HR = M − ~λ(τ) · ~Hp.
Let us make a canonical transformation from the canonical basis ~ηi(τ), ~κi(τ), φ(τ, ~σ),
π(τ, ~σ), to the new basis ~η+(τ), ~κ+(τ), ~ρa(τ), ~πa(τ), X
τ
φ, P
τ
φ ,
~Xφ, ~Pφ, H(τ, ~q), K(τ, ~q) [φ, π,
are assumed to satisfy Eq.(4.29)] with the particle variables defined by
~ηi = ~η+ +
1√
N
N−1∑
a=1
γˆai~ρa,
~κi =
1
N
~κ+ +
√
N
N−1∑
a=1
γˆai~πa,
~η+ =
1
N
N∑
i=1
~ηi, ~ρa =
√
N
N∑
i=1
γˆ~ηi,
~κ+ =
N∑
i=1
~κi, ~πa =
1√
N
N∑
i=1
γˆai~κi,
N∑
i=1
γˆai = 0,
N−1∑
a=1
γˆaiγˆaj = δij − 1
N
,
N∑
i=1
γˆaiγˆbi = δab. (7.5)
The variable ~η+(τ) is playing the role of a naive “internal” center of mass for the particles
on the Wigner hyperplane. From the discussion of the previous Section, it is clear that the
real “internal” center of mass of the N particles is a ~q+ defined like ~qφ of Eq.(6.2) with
~r+ =
∑N
i=1
√
m2i + ~κ
2
i ~ηi/
∑N
k=1
√
m2k + ~κ
2
k. But, since it is not known (like it happens for
the Klein-Gordon field) the canonical transformation ~ηi, ~κi 7→ ~q+, ~κ+, ~ρqa, ~πqa identifying
the real relative variables ~ρqa, ~πqa [see however Ref. [5]], we shall go on with the previous
naive canonical transformation in the following discussion to see which kind of collective and
relative variables emerge for the particles plus the real Klein-Gordon field.
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We also remark that we use the field “center of phase” ~Xφ and not the real internal
center of mass ~qφ, because the knowledge of the canonical basis containing ~Xφ allows us to
illustrate interpretational aspects which will hold also with the canonical basis containing
~qφ when it will be found.
The constraints become
H(τ) = ǫs −
[
P τφ +
N∑
i=1
ηi
(
[ηimi +Gφ(τ, ~ηi(τ))]
2 +
+ [
1
N
~κ+(τ) +
√
N
N−1∑
a=1
γˆai~πa(τ)]
2
)1/2 ≈ 0,
~Hp(τ) = ~κ+ + ~Pφ ≈ 0, (7.6)
We can now replace the canonical variables ~η+, ~κ+, ~Xφ, ~Pφ with the following canonical
ones
~Y =
1
2
(~η+ + ~Xφ),
~Hp = ~κ+ + ~Pφ ≈ 0,
~ζ = ~η+ − ~Xφ,
~πζ =
1
2
(~κ+ − ~Pφ),
~η+ =
1
2
~ζ + ~Y ,
~Xφ = −1
2
~ζ + ~Y ,
~κ+ =
1
2
~Hp + ~πζ ≈ ~πζ ,
~Pφ =
1
2
~Hp − ~πζ ≈ −~πζ . (7.7)
We see that ~Y is playing the role of the naive “internal” center of mass of the full
“particles+field” system: it is the gauge variable conjugate to ~Hp ≈ 0
The global relative variables ~ζ(τ), ~πζ(τ), describe the relative motion of the particle and
the field naive centers of mass and rule the action-reaction between the two subsystems.
With the natural gauge-fixings: ~Y ≈ 0, Ts − τ ≈ 0 [so that ~η+ ≈ 12~ζ ≈ − ~Xφ] and the
associated Dirac brackets, we get the reduced phase space ~zs, ~ks, ~ζ, ~πζ , ~ρa(τ), ~πa(τ), X
τ
φ ,
P τφ , H(Ts, ~q), K(Ts, ~q) with the evolution in Ts ≡ τ ruled by the Hamiltonian
H = P τφ +
N∑
i=1
ηi
(
[ηimi +Gφ(Ts,
1
2
~ζ(Ts) +
1√
N
N−1∑
a=1
γˆai~ρa(Ts))]
2 +
+ [
1
N
~πζ(Ts) +
√
N
N−1∑
a=1
γˆai~πa(Ts)]
2
)1/2
=
def
= P τφ +
N∑
i=1
ηiMi,
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M2i = (ηimi +Gφ)
2 + [
~πζ
N
+
√
N
N−1∑
a=1
γˆai~πa]
2,
φ = φ
(
Ts,
1
2
~ζ(Ts) +
1√
N
N−1∑
a=1
γˆai~ρa(Ts)
)
=
= 2
∫
dq˜
√
F τ(q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
cos
[
~q ·
(
~ζ(Ts) +
1√
N
N−1∑
a=1
γˆai~ρa(Ts)
)
−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
]
. (7.8)
The equations of motion for Xτφ , P
τ
φ ,
~ζ(τ), ~πζ(τ), ~ρa(τ), ~πa(τ), H(τ, ~q), K(τ, ~q) are
[remember that Ts −Xτφ = −X˜τφ ]
d~ζ(Ts)
dTs
◦
= {~ζ(Ts), H} = ∂H
∂~πζ(Ts)
=
=
N∑
i=1
1
ηiMi
[ ~πζ
N2
+
1√
N
N−1∑
a=1
γˆai~πa +
+ G(ηimi +Gφ)
∫
dq˜
F (q)~q√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
cos
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)]
,
d~πζ(Ts)
dTs
◦
= {~πζ(Ts), H} = − ∂H
∂~ζ(Ts)
=
= 2G
N∑
i=1
ηimi +Gφ
ηiMi
∫
dq˜~q
√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
sin
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)
,
d~ρa(Ts)
dTs
◦
= {~ρa(Ts), H} = ∂H
∂~πa(Ts)
=
=
N∑
i=1
γˆai
ηiMi
(
~πζ√
N
+N
N−1∑
b=1
γˆbi~πb),
d~πa(Ts)
dTs
◦
= {~πa(Ts), H} = − ∂H
∂~ρa(Ts)
=
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=
2G√
N
N∑
i=1
γˆai
ηimi +Gφ
ηiMi
∫
dq˜~q
√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
sin
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)
,
dXτφ
dTs
◦
= {Xτφ , H} = −
∂H
∂P τφ
=
= −1 +G
N∑
i=1
ηimi +Gφ
ηiMi
∫
dq˜
F τ (q)ω(q)√
F τ(q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
cos
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)
,
dP τφ
dTs
◦
= {P τφ , H} =
∂H
∂Xτφ
=
= −2G
N∑
i=1
ηimi +Gφ
ηiMi
∫
dq˜ω(q)
√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
sin
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)
,
∂H(Ts, ~q)
∂Ts
◦
= {H(Ts, ~q), H} = δH
δK(Ts, ~q)
=
= −2G
N∑
i=1
ηimi +Gφ
ηiMi
∫
dk˜dk˜
′G(~q,~k′)△(~k′, ~k)
√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
sin
(
~k · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
− ω(k)(Ts −Xτφ) +
∫
dk˜1dk˜2K(Ts, ~k1)G(~k1, ~k2)△(~k2, ~k)
)
,
∂K(Ts, ~q)
∂Ts
◦
= {K(Ts, ~q), H} = − δH
δH(Ts, ~q)
=
= −2G
N∑
i=1
ηimi +Gφ
ηiMi
D~q
[
cos
(
~q · (~ζ(Ts) + 1√
N
N−1∑
a=1
γˆai~ρai(Ts))−
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− ω(q)(Ts −Xτφ) +
∫
dk˜dk˜
′
K(Ts, ~k)G(~k,~k′)△(~k′, ~q)
)
(√
F τ (q)ω(q)P τφ + F (q)~q · ~πζ(Ts) +D~qH(Ts, ~q)
)−1]. (7.9)
When the decomposition into center-of-mass and relative variables will be available for
the transverse electromagnetic field in the Coulomb gauge, one will be able to make a similar
treatment of the isolated system consisting of N charged particles (with Grassmann-valued
electric charges) plus the electromagnetic field [1,8].
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VIII. CHARGED KLEIN-GORDON FIELD.
A. On spacelike hypersurfaces.
Following Ref. [8], let us now consider a charged Klein-Gordon field: φ = 1√
2
(φ1 + iφ2),
φ∗ = 1√
2
(φ1 − iφ2) [φ1 = 1√2(φ+ φ∗), φ2 = −i√2(φ− φ∗)], whose action is
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)
(
gττ φ˙∗ φ˙+
+gτ rˇ
[
φ˙∗ ∂rˇφ+ ∂rˇφ
∗ φ˙
]
+ grˇsˇ∂rˇφ
∗ ∂sˇφ−m2φ∗φ
)
(τ, ~σ) =
=
∫
dτd3σ
√
γ(τ, ~σ)
( 1
N
[φ˙∗ −N rˇ∂rˇφ∗] [φ˙−N sˇ∂sˇφ] +
+ N
[
γ rˇsˇ∂rˇφ
∗∂sˇφ−m2φ∗φ
])
(τ, ~σ). (8.1)
The canonical momenta are
πφ(τ, ~σ) =
∂L
∂∂τφ(τ, ~σ)
=
1√
2
(π1 − iπ2)(τ, ~σ) =
=
√
γ(τ, ~σ)
N(τ, ~σ)
[
φ˙∗ −N rˇ∂rˇφ∗
]
(τ, ~σ),
πφ∗(τ, ~σ) =
∂L
∂∂τφ∗(τ, ~σ)
=
1√
2
(π1 + iπ2)(τ, ~σ) =
=
√
γ(τ, ~σ)
N(τ, ~σ)
[
φ˙−N rˇ∂rˇφ
]
(τ, ~σ),
ρµ(τ, ~σ) = − ∂L
∂∂τ zµ(τ, ~σ)
=
= lµ(τ, ~σ)
(πφπφ∗√
γ
−√γ
[
γ rˇsˇ∂rˇφ
∗∂sˇφ−m2φ∗φ
])
(τ, ~σ) +
+zsˇµ(τ, ~σ)γ
rˇsˇ(τ, ~σ)
(
πφ∗∂rˇφ
∗ + πφ∂rˇφ
)
(τ, ~σ). (8.2)
Therefore, we have the following primary constraints
Hµ(τ, ~σ) = ρµ(τ, ~σ)−
−lµ(τ, ~σ)
(πφπφ∗√
γ
−√γ[γ rˇsˇ∂rˇφ∗∂sˇφ−m2φ∗φ]
)
(τ, ~σ) +
+zsˇµ(τ, ~σ)γ
rˇsˇ(τ, ~σ)
(
πφ∗∂rˇφ
∗ + πφ∂rˇφ
)
(τ, ~σ) ≈ 0, (8.3)
and the following Dirac Hamiltonian
HD =
∫
d3σλµ(τ, ~σ)Hµ(τ, ~σ). (8.4)
By using the Poisson brackets
{zµ(τ, ~σ), ρν(τ, ~σ′)} = ηµν δ3(~σ − ~σ
′
),
{φ(τ, ~σ), πφ(τ, ~σ′)} = {φ∗(τ, ~σ), πφ∗(τ, ~σ′)} = δ3(~σ − ~σ′), (8.5)
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we find that the time constancy of the primary constraints implies the existence of no
secondary constraint. The constraints turn out to be first class.
After the restriction to spacelike hyperplanes zµ(τ, ~σ) = xµs (τ) + b
µ
rˇ (τ)σ
rˇ, the constraints
are reduced to the following ones
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) =
= pµs − lµ
( ∫
d3σ
[
πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ
]
(τ, ~σ)
)
−
− bµrˇ (τ){
∫
d3σ[πφ∗∂rˇφ
∗ + πφ∂rˇφ](τ, ~σ)} ≈ 0,
H˜µν(τ) = bµrˇ (τ)
∫
d3σσrˇHν(τ, ~σ)− bνrˇ (τ)
∫
d3σσrˇHµ(τ, ~σ) =
= Sµνs −
(
bµrˇ (τ)l
ν − bνrˇ(τ)lµ
)
∫
d3σσrˇ
[
πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ
]
(τ, ~σ) +
+
(
bµrˇ (τ)b
ν
sˇ (τ)− bνrˇ (τ)bµsˇ (τ)
)
∫
d3σσrˇ
[
πφ∗∂sˇφ
∗ + πφ∂sˇφ
]
(τ, ~σ) ≈ 0. (8.6)
The only surviving constraints on the Wigner hyperplanes [with the reduced canonical
variables x˜µs (τ), p
µ
s , φ(τ, ~σ), πφ(τ, ~σ) = φ˙
∗(τ, ~σ), φ∗(τ, ~σ), πφ∗(τ, ~σ) = φ˙(τ, ~σ), satisfying
standard Dirac brackets] are
H(τ) = ǫs −
∫
d3σ
[
πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ
]
(τ, ~σ) ≈ 0,
~Hp(τ) =
∫
d3σ
[
πφ∗~∂φ
∗ + πφ~∂φ
]
(τ, ~σ) ≈ 0. (8.7)
The Lorentz generators have the form of Eq.(2.9) with the spin tensor
S¯rss ≡ Srsφ = Jrsφ |~Pφ=0 =
∫
d3σ
(
σr
[
πφ∗∂
sφ∗ + πφ∂sφ
]
(τ, ~σ)− (r ↔ s)
)
. (8.8)
With the gauge fixing χ = Ts − τ ≈ 0 the final Hamiltonian becomes
HR = Mφ − ~λ(Ts) · ~Hp(Ts),
Mφ =
∫
d3σ
[
πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ
]
(Ts, ~σ) (8.9)
B. Collective and relative variables.
A priori we have the following two possibilities for the description of the complex Klein-
Gordon field φ(τ, ~σ) in terms of a Fourier transform
φ(τ, ~σ) =
1√
2
[φ1(τ, ~σ) + iφ2(τ, ~σ)] =
=
1√
2
∫
dq˜
(
[a1(τ, ~q)e
−i(ω(q)τ−~q·~σ) + a∗1(τ, ~q)e
+i(ω(q)τ−~q·~σ)] +
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+ i[a2(τ, ~q)e
−i(ω(q)τ−~q·~σ) + a∗2(τ, ~q)e
+i(ω(q)τ−~q·~σ)]
)
=
=
∫
dq˜[a(τ, ~q)e−i(ω(q)τ−~q·~σ) + b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
φ∗(τ, ~σ) =
1√
2
[φ1(τ, ~σ)− iφ2(τ, ~σ)] =
=
1√
2
∫
dq˜
(
[a1(τ, ~q)e
−i(ω(q)τ−~q·~σ) + a∗1(τ, ~q)e
i(ω(q)τ−~q·~σ)]−
− i[a2(τ, ~q)e−i(ω(q)τ−~q·~σ) + a∗2(τ, ~q)e+i(ω(q)τ−~q·~σ)]
)
=
=
∫
dq˜[b(τ, ~q)e−i(ω(q)τ−~q·~σ) + a∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
π(τ, ~σ) =
1√
2
[π1(τ, ~σ)− iπ2(τ, ~σ)] =
=
−i√
2
∫
dq˜
(
[a1(τ, ~q)e
−i(ω(q)τ−~q·~σ) − a∗1(τ, ~q)e+i(ω(q)τ−~q·~σ)]−
− i[a2(τ, ~q)e−i(ω(q)τ−~q·~σ) − a∗2(τ, ~q)e+i(ω(q)τ−~q·~σ)]
)
=
= −i
∫
dq˜ω(q)[b(τ, ~q)e−i(ω(q)τ−~q·~σ) − a∗(τ, ~q)e+i(ω(~q)τ−~q·~σ)],
π∗(τ, ~σ) =
1√
2
[π1(τ, ~σ) + iπ2(τ, ~σ)] =
=
−i√
2
∫
dq˜
(
[a1(τ, ~q)e
−i(ω(q)τ−~q·~σ) − a∗1(τ, ~q)e+i(ω(q)τ−~q·~σ)] +
+ i[a2(τ, ~q)e
−i(ω(q)τ−~q·~σ) − a∗2(τ, ~q)e+i(ω(q)τ−~q·~σ)]
)
=
= −i
∫
dq˜ω(q)[a(τ, ~q)e−i(ω(~q)τ−~q·~σ) − b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
ai(τ, ~q) =
√
Ii(τ, ~q)e
iϕi(τ,~q), i = 1, 2,
a(τ, ~q) =
1√
2
[a1(τ, ~q) + ia2(τ, ~q)] =
1√
2
[
√
I1e
iϕ1 + i
√
I2e
iϕ2 ](τ, ~q) =
=
∫
d3σ[ω(q)φ(τ, ~σ) + iπ∗(τ, ~σ)]ei(ω(q)τ−~q·~σ) =
√
Ia(τ, ~q)e
iϕa(τ,~q),
b(τ, ~q) =
1√
2
[a1(τ, ~q)− ia2(τ, ~q)] = 1√
2
[
√
I1e
iϕ1 − i
√
I2e
iϕ2 ](τ, ~q) =
=
∫
d3σ[ω(q)φ∗(τ, ~σ) + iπ(τ, ~σ)]ei(ω(q)τ−~q·~σ) =
√
Ib(τ, ~q)e
iϕb(τ,~q),
a∗(τ, ~q) =
1√
2
[a∗1(τ, ~q)− ia∗2(τ, ~q)] =
=
∫
d3σ[ω(q)φ∗(τ, ~σ)− iπ(τ, ~σ)]e−i(ω(q)τ−~q·~σ),
b∗(τ, ~q) =
1√
2
[a∗1(τ, ~q) + ia
∗
2(τ, ~q)] =
=
∫
d3σ[ω(q)φ(τ, ~σ)− iπ∗(τ, ~σ)]e−i(ω(q)τ−~q·~σ),
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Ii(τ, ~q) = a
∗
i (τ, ~q)ai(τ, ~q),
Ia(τ, ~q) = a
∗(τ, ~q)a(τ, ~q) =
1
2
[a∗1a1 + a
∗
2a2 + i(a
∗
1a2 − a∗2a1)](τ, ~q),
Ib(τ, ~q) = b
∗(τ, ~q)b(τ, ~q) =
1
2
[a∗1a1 + a
∗
2a2 − i(a∗1a2 − a∗2a1)],
(Ia + Ib) (τ, ~q) = [I1 + I2](τ, ~q),
(Ia − Ib) (τ, ~q) = i[a∗1a2 − a∗2a1](τ, ~q),
Niφ =
∫
dq˜a∗i (τ, ~q)ai(τ, ~q) =
∫
dq˜Ii(τ, ~σ),
Naφ =
∫
dq˜a∗(τ, ~q)a(τ, ~q) =
1
2
[N1φ +N2φ] +
i
2
∫
dq˜[a∗1a2 − a∗2a1](τ, ~q) =
=
∫
dq˜Ia(τ, ~q) =
=
1
2
∫
d3σ[πφ∗
1√
m2 +△π + φ
∗
√
m2 +△φ+ i(πφ∗φ∗ − πφ)](τ, ~σ),
Nbφ =
∫
dq˜b∗(τ, ~q)b(τ, ~q) =
1
2
[N1φ +N2φ]− i
2
∫
dq˜[a∗1a2 − a∗2a1](τ, ~q) =
+
∫
dq˜Ib(τ, ~q) =
=
1
2
∫
d3σ[πφ∗
1√
m2 +△π + φ
∗
√
m2 +△φ− i(πφ∗φ∗ − πφ)](τ, ~σ),
Nφ = N1φ +N2φ = Naφ +Nbφ =
=
∫
d3σ[πφ∗
1√
m2 +△π + φ
∗
√
m2 +△φ](τ, ~σ) (8.10)
However, the description of the conserved electric charge of the Klein-Gordon field priv-
ileges the use of the Fourier coefficients a(τ, ~q), b(τ, ~q) rather than of the ai(τ, ~q)’s, because
we have
qφ = i
∫
d3σ[πφ∗φ
∗ − πφ](τ, ~σ) = Nbφ −Naφ, dqφ
dτ
◦
=0; (8.11)
on the Wigner hyperplanes the conservation ∂µJ
µ
φ
◦
=0 of the electromagnetic current Jµφ (x) =
−i[∂µφ˜∗φ˜− φ˜∗∂µφ˜](x) is replaced by the existence of the Hamiltonian constant of motion qφ.
The Fourier coefficients ai(τ, ~σ), i=1,2, correspond to the description of the field as two
real Klein-Gordon fields φi. Instead, as shown in Appendix D, the Fourier coefficients “a”
and “b” correspond to two Klein-Gordon fields φa, φb, with positive (φa) or negative (φb)
energy and electric charge, which are nonlocal combinations of φ and πφ∗ .
The total 4-momentum of the Klein-Gordon field may be described either in terms of
the “a” and “b” or of the “ai”
P τφ =
∫
dq˜ω(q)[I1 + I2](τ, ~q) = P
τ
1φ(τ) + P
τ
2φ(τ) =
=
∫
dq˜ω(q)[Ia + Ib](τ, ~q) = P
τ
aφ(τ) + P
τ
bφ(τ) =
=
∫
d3σ
[
πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ
]
(τ, ~σ),
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~Pφ =
∫
dq˜~q[I1 + I2](τ, ~q) = ~P1φ(τ) + ~P2φ(τ) =
=
∫
dq˜~q[Ia + Ib](τ, ~q) = ~Paφ(τ) + ~Pbφ(τ) =
=
∫
d3σ
[
πφ∗~∂φ
∗ + πφ~∂φ
]
(τ, ~σ), (8.12)
but it is possible to define a global “relative 4-momentum” of the field only in terms of the
“a” and “b”
Qτφ(τ) =
1
2
∫
dq˜ω(q)[Ia − Ib](τ, ~q) = P τaφ(τ)− P τbφ(τ) =
=
i
2
∫
d3σ[πφ∗
√
m2 +△φ∗ − π
√
m2 +△φ](τ, ~σ) 6=
6= 1
2
∫
dq˜ω(q)[I1 − I2](τ, ~q) = P τ1φ(τ)− P τ2φ(τ),
~Qφ(τ) =
1
2
∫
dq˜~q[Ia − Ib](τ, ~q) = ~Paφ(τ)− ~Pbφ(τ) =
= − i
2
∫
d3σ[πφ∗
~∂√
m2 +△π − φ
∗
√
m2 +△~∂φ](τ, ~σ) 6=
6= 1
2
∫
dq˜~q[I1 − I2](τ, ~q) = ~P1φ(τ)− ~P2φ(τ),
P τaφ =
1
2
(P τφ +Q
τ
φ),
~Paφ =
1
2
(~Pφ + ~Qφ),
P τbφ =
1
2
(P τφ −Qτφ), ~Pbφ =
1
2
(~Pφ − ~Qφ), (8.13)
The two partial centers of phase have coordinates
Xτa φ =
∫
dq˜ω(q)F τ(q)ϕa(τ, ~q) =
1
2i
∫
dq˜ω(q)F τ(q)ln
a(τ, ~q)
a∗(τ, ~q)
= τ +
+
1
2πim
∫
d3q
e−
4π
m2
q2
q2 ω(q)
ln
[ ω(q) ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπφ∗(τ, ~σ)
ω(q)
∫
d3σe−i~q·~σφ∗(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
=
def
= τ + X˜τa φ,
~Xa φ =
∫
dq˜ ~q F (q)ϕa(τ, ~q) =
1
2i
∫
dq˜ ~q F (q)ln
a(τ, ~q)
a∗(τ, ~q)
=
=
2i
πm
∫
d3q
~q
q4
e−
4π
m2
q2ln
[ √m2 + q2 ∫ d3σei~q·~σφ(τ, ~σ) + i ∫ d3σei~q·~σπφ∗(τ, ~σ)√
m2 + q2
∫
d3σe−i~q·~σφ∗(τ, ~σ)− i ∫ d3σe−i~q·~σπ(τ, ~σ)
]
,
Xτb φ =
∫
dq˜ω(q)F τ(q)ϕb(τ, ~q) =
1
2i
∫
dq˜ω(q)F τ(q)ln
b(τ, ~q)
b∗(τ, ~q)
= τ +
+
1
2πim
∫
d3q
e−
4π
m2
q2
q2 ω(q)
ln
[ ω(q) ∫ d3σei~q·~σφ∗(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)
ω(q)
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπφ∗(τ, ~σ)
]
=
def
= τ + X˜τbφ,
~Xb φ =
∫
dq˜ ~q F (q)ϕb(τ, ~q) =
1
2i
∫
dq˜ ~q F (q)ln
b(τ, ~q)
b∗(τ, ~q)
=
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=
2i
πm
∫
d3q
~q
q4
e−
4π
m2
q2ln
[ √m2 + q2 ∫ d3σei~q·~σφ∗(τ, ~σ) + i ∫ d3σei~q·~σπ(τ, ~σ)√
m2 + q2
∫
d3σe−i~q·~σφ(τ, ~σ)− i ∫ d3σe−i~q·~σπφ∗(τ, ~σ)
]
. (8.14)
Therefore, we shall define the canonical transformation of Section IV separately to
a, a∗ 7→ PAaφ, XAaφ(Xτaφ = τ + X˜τaφ), Ha, Ka and to b, b∗ 7→ PAbφ, XAbφ(Xτbφ = τ + X˜bφ),
Hb, Kb and not to ai, a
∗
i , i=1,2, 7→ PAiφ, XAiφ,Hi,Ki [assuming that the fields φa, πa, φb, πb
satisfy Eq.(4.29)]. Then, we shall do the further canonical transformation from the two sets
of collective variables XAaφ, P
A
aφ, X
A
bφ, P
A
bφ, to global center of phase variables X
A
φ , P
A
φ , and
global relative variables RAφ , Q
A
φ [R
A
φ describes the action-reaction between the centers of
phase of positive and negative energy field configutations]
XAφ =
1
2
(XAaφ +X
A
bφ) [=
1
2
(XA1φ +X
A
2φ)], X
τ
φ = τ + X˜
τ
φ ,
PAφ = P
A
aφ + P
A
bφ[= P
A
1φ + P
A
2φ],
RAφ = X
A
aφ −XAbφ,
QAφ =
1
2
(PAaφ − PAbφ). (8.15)
The Poincare´ generators are P τφ ,
~Pφ and
Jrsφ =
∫
d3σ[πφ∗(σ
r∂s − σs∂r)φ∗ + πφ(σr∂s − σs∂r)φ](τ, ~σ) =
= −i
2∑
i=1
∫
dq˜a∗i (τ, ~q)(q
r ∂
∂qs
− qs ∂
∂qr
)ai(τ, ~q) =
= −i
∫
dq˜
[
a∗(τ, ~q)(qr
∂
∂qs
− qs ∂
∂qr
)a(τ, ~q) + b∗(τ, ~q)(qr
∂
∂qs
− qs ∂
∂qr
)b(τ, ~q)
]
,
Jτrφ = −τP rφ +
1
2
∫
d3σ σr[πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ](τ, ~σ) =
= −τP rφ + i
2∑
i=1
∫
dq˜ω(q)a∗i (τ, ~q)
∂
∂qr
ai(τ, ~q) =
= −τP rφ + i
∫
dq˜ω(q)
[
a∗(τ, ~q)
∂
∂qr
a(τ, ~q) + b∗(τ, ~q)
∂
∂qr
b(τ, ~q). (8.16)
To find the real center of mass ~qφ we must use Eq.(6.1) of Section VI, namely q
r
φ ≈ rrφ =
−Jτrφ /P τφ |τ=0.
The original variables have the following expression
a(τ,~k) =
√
F τ (k)ω(k)P τaφ − F (k)~k · ~Paφ(τ) +DkHa(τ,~k)
ei
∫
dq˜
∫
dq˜′Ka(τ,~q)G(~q,~q′)∆(~q′,~k)+iω(k)Xτaφ(τ)−i~k· ~Xaφ(τ),
b(τ, ~q) =
√
F τ (k)ω(k)P τbφ(τ)− F (k)~k · ~Pbφ(τ) +DkHb(τ,~k)
ei
∫
dq˜
∫
dq˜′Kb(τ,~q)G(~q,~q′)∆(~q′,~k)+iω(k)Xτbφ(τ)−i~k· ~Xbφ(τ),
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φ(τ, σ) =
∫
dk˜
(√
F τ(k)ω(k)P τaφ(τ)− F (k)~k · ~Paφ(τ) +DkHa(τ,~k)
ei
∫
dq˜
∫
dq˜′Ka(τ,~q)G(~q,~q′)∆(~q′,~k)+iω(k)X˜τaφ(τ)+i~k·(~σ− ~Xaφ(τ)) +
+
√
F τ (k)ω(k)P τbφ(τ)− F (k)~k · ~Pbφ(τ) +DkHb(τ,~k)
e−i
∫
dq˜
∫
dq˜′Kb(τ,~q)G(~q,~q′)∆(~q′,~k)−iω(k)X˜τbφ(τ)−i~k·(~σ− ~Xbφ(τ))
)
=
=
∫
dk˜
(√
F τ (k)ω(k)[
1
2
P τφ +Q
τ
φ(τ)]− F (k)~k · [
1
2
~Pφ + ~Qφ(τ)] +DkHa(τ,~k)
e+i
∫
dq˜
∫
dq˜′Ka(τ,~q)G(~q,~q′)∆(~q′,~k)+iω(k)[X˜τφ+ 12 R˜τφ(τ)]+i~k·(~σ−[ ~Xφ+ 12 ~Rφ(τ)]) +
+
√
F τ (k)ω(k)[
1
2
P τφ −Qτφ(τ)]− F (k)~k · [
1
2
~Pφ − ~Qφ(τ)] +DkHb(τ,~k)
e−i
∫
dq˜
∫
dq˜′Kb(τ,~q)G(~q,~q′)∆(~q′,~k)−iω(k)[X˜τφ− 12 R˜τφ(τ)]−i~k·(~σ−[ ~Xφ− 12 ~Rφ(τ)])
)
=
=
∫
dk˜
[
Aa~k(τ ;
1
2
PAφ +Q
A
φ ,Ha]e
i
(
~k·~σ+B
a~k
(τ ;XA
φ
+ 1
2
RA
φ
,Ka]
)
+
+ Ab~k(τ ;
1
2
PAφ −QAφ ,Hb]e−i
(
~k·~σ+B
b~k
(τ ;XA
φ
− 1
2
RA
φ
,Kb]
)]
,
π(τ, ~σ) = −i
∫
dk˜ω(k)
(√
F τ(k)ω(k)[
1
2
P τφ −Qτφ(τ)]− F (k)~k · [
1
2
~Pφ − ~Qφ(τ)] +DkHb(τ,~k)
e+i
∫
dq˜
∫
dq˜′Kb(τ,~q)G(~q,~q′)∆(~q′,~k)+iω(k)[X˜τφ− 12 R˜τφ(τ)]+i~k·(~σ−[ ~Xφ− 12 ~Rφ(τ)]) −
−
√
F τ (k)ω(k)[
1
2
P τφ +Q
τ
φ(τ)]− F (k)~k · [
1
2
~Pφ + ~Qφ(τ)] +DkHa(τ,~k)
e−i
∫
dq˜
∫
dq˜′Ka(τ,~q)G(~q,~q′)∆(~q′,~k)−iω(k)[X˜τφ+ 12 R˜τφ(τ)]−i~k·(~σ−[ ~Xφ+ 12 ~Rφ(τ)])
)
=
= i
∫
dk˜ω(k)
[
Aa~k(τ ;
1
2
PAφ +Q
A
φ ,Ha]e
−i
(
~k·~σ+B
a~k
(τ ;XA
φ
+ 1
2
RA
φ
,Ka]
)
−
− Ab~k(τ ;
1
2
PAφ −QAφ ,Hb]ei
(
~k·~σ+B
b~k
(τ ;XA
φ
− 1
2
RA
φ
,Kb]
)]
,
Aa~k(τ ;
1
2
PAφ +Q
A
φ ,Ha] =√
F τ (k)ω(k)[
1
2
P τφ + Q
τ
φ(τ)]− F (k)~k · [
1
2
~Pφ + ~Qφ(τ)] +D~kHa(τ,~k),
Ab~k(τ ;
1
2
PAφ −QAφ ,Hb] =√
F τ (k)ω(k)[
1
2
P τφ −Qτφ(τ)]− F (k)~k · [
1
2
~Pφ − ~Qφ(τ)] +D~kHb(τ,~k),
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Ba~k(τ ;X
A
φ +
1
2
RAφ ,Ka] = iω(k)[X˜
τ
φ +
1
2
Rτφ(τ)]− i~k · [ ~Xφ +
1
2
~Rφ(τ)] +
+
∫
dq˜dq˜
′
Ka(τ, ~q)G(~q, ~q′)△(~q′, ~k),
Bb~k(τ ;X
A
φ −
1
2
RAφ ,Ka] = iω(k)[X˜
τ
φ −
1
2
Rτφ(τ)]− i~k · [ ~Xφ −
1
2
~Rφ(τ)] +
+
∫
dq˜dq˜
′
Kb(τ, ~q)G(~q, ~q′)△(~q′, ~k), (8.17)
In the gauge χ = Ts − τ ≈ 0 we get
φ(Ts, ~σ) =
∫
dk˜
(√
F τ (k)ω(k)[
1
2
P τφ +Q
τ
φ(Ts)]− F (k)~k · ~Qφ(Ts) +DkHa(Ts, ~k)
ei
∫
dq˜
∫
dq˜′Ka(Ts,~q)G(~q,~q′)∆(~q′,~k)+iω(k)[X˜τφ+ 12 R˜τφ(Ts)]+i~k·(~σ− 12 ~Rφ(Ts)) +
+
√
F τ(k)ω(k)[
1
2
P τφ −Qτφ(Ts)] + F (k)~k · ~Qφ(Ts) +DkHb(Ts, ~k)
e−i
∫
dq˜
∫
dq˜′Kb(Ts,~q)G(~q,~q′)∆(~q′,~k)−iω(k)[X˜τφ− 12 R˜τφ(Ts)]−i~k·(~σ+ 12 ~Rφ(Ts))
)
,
π(Ts, ~σ) = −i
∫
dk˜ω(k)
(√
F τ (k)ω(k)[
1
2
P τφ −Qτφ(Ts)] + F (k)~k · ~Qφ(Ts) +DkHb(Ts, ~k)
e+i
∫
dq˜
∫
dq˜′Kb(Ts,~q)G(~q,~q′)∆(~q′,~k)+iω(k)[X˜τφ− 12 R˜τφ(Ts)]+i~k·(~σ+ 12 ~Rφ(Ts)) −
−
√
F τ (k)ω(k)[
1
2
P τφ +Q
τ
φ(Ts)]− F (k)~k · ~Qφ(Ts) +DkHa(Ts, ~k)
e−i
∫
dq˜
∫
dq˜′Ka(Ts,~q)G(~q,~q′)∆(~q′,~k)−iω(k)[X˜τφ+ 12 R˜τφ(Ts)]−i~k·(~σ− 12 ~Rφ(Ts))),
Nφ = P
τ
φ
∫
dk˜ω(k)F τ(k) +
∫
dk˜(−F (k)~k · ~Pφ +Dk[Ha(Ts, ~k) +Hb(Ts, ~k)]) ≈
≈ P τφ
∫
dk˜ω(k)F τ (k) +
∫
dk˜Dk[Ha(Ts, ~k) +Hb(Ts, ~k)],
qφ = 2Q
τ
φ(Ts)
∫
dk˜ω(k)F τ(k) +
∫
dk˜(−2F (k)~k · ~Qφ(Ts) +Dk[Ha(Ts, ~k)−Hb(Ts, ~k)]).
(8.18)
C. The coupling to the electromagnetic field.
Let us consider the action describing a charged Klein Gordon field interacting with the
electromagnetic field on spacelike hypersurfaces following the scheme of Ref. [8]
S =
∫
dτd3σN(τ, ~σ)
√
γ(τ, ~σ)
{gττ(∂τ + ieAτ )φ∗ (∂τ − ieAτ )φ+
+gτ rˇ[(∂τ + ieAτ )φ
∗ (∂rˇ − ieArˇ)φ+ (∂rˇ + ieArˇ)φ∗ (∂τ − ieAτ )φ] +
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+grˇsˇ(∂rˇ + ieArˇ)φ
∗ (∂sˇ − ieAsˇ)φ−m2φ∗φ− 1
4
gAˇCˇgBˇDˇFAˇBˇFCˇDˇ }(τ, ~σ) =
=
∫
dτd3σ
√
γ(τ, ~σ){ 1
N
[∂τ + ieAτ −N rˇ(∂rˇ + ieArˇ)]φ∗
[∂τ − ieAτ −N sˇ(∂sˇ − ieAsˇ)]φ+N [γ rˇsˇ(∂rˇ + ieArˇ)φ∗(∂sˇ − ieAsˇ)φ−m2φ∗φ]−
− 1
2N
(Fτ rˇ −N uˇFuˇrˇ)γ rˇsˇ(Fτ sˇ −N vˇFvˇsˇ)− N
4
γ rˇsˇγuˇvˇFrˇuˇFsˇvˇ }(τ, ~σ). (8.19)
where the configuration variables are zµ(τ, ~σ), φ(τ, ~σ) = φ˜(z(τ, ~σ)) and AAˇ(τ, ~σ) =
zµ
Aˇ
(τ, ~σ)A˜µ(z(τ, ~σ)) [φ˜(z) and A˜µ(z) are the standard Klein-Gordon field and electromagnetic
potential, which do not know the embedding of the spacelike hypersurface Σ in Minkowski
spacetime like φ and AAˇ].
The canonical momenta are
πτ (τ, ~σ) =
∂L
∂∂τAτ (τ, ~σ)
= 0,
πrˇ(τ, ~σ) =
∂L
∂∂τArˇ(τ, ~σ)
= −
√
γ(τ, ~σ)
N(τ, ~σ)
γ rˇsˇ(τ, ~σ)(Fτ sˇ −N uˇFuˇsˇ)(τ, ~σ),
πφ(τ, ~σ) =
∂L
∂∂τφ(τ, ~σ)
=
√
γ(τ, ~σ)
N(τ, ~σ)
[∂τ + ieAτ −N rˇ(∂rˇ + ieArˇ)](τ, ~σ)φ∗(τ, ~σ),
πφ∗(τ, ~σ) =
∂L
∂∂τφ∗(τ, ~σ)
=
√
γ(τ, ~σ)
N(τ, ~σ)
[∂τ − ieAτ −N rˇ(∂rˇ − ieArˇ)](τ, ~σ)φ(τ, ~σ),
ρµ(τ, ~σ) = − ∂L
∂∂τ zµ(τ, ~σ)
=
= lµ(τ, ~σ){πφπφ
∗√
γ
−√γ[γ rˇsˇ(∂rˇ + ieArˇ)φ∗(∂sˇ − ieAsˇ)φ−
−m2φ∗φ] + 1
2
√
γ
πrˇgrˇsˇπ
sˇ −
√
γ
4
γ rˇsˇγuˇvˇFrˇuˇFsˇvˇ}(τ, ~σ) +
+zsˇµ(τ, ~σ)γ
rˇsˇ(τ, ~σ){πφ∗(∂rˇ + ieArˇ)φ∗ + πφ(∂rˇ − ieArˇ)φ− Frˇuˇπuˇ}(τ, ~σ). (8.20)
Therefore, we have the following primary constraints
πτ (τ, ~σ) ≈ 0,
Hµ(τ, ~σ) = ρµ(τ, ~σ)−
−lµ(τ, ~σ){πφπφ
∗√
γ
−√γ[γ rˇsˇ(∂rˇ + ieArˇ)φ∗(∂sˇ − ieAsˇ)φ−
−m2φ∗φ] + 1
2
√
γ
πrˇgrˇsˇπ
sˇ −
√
γ
4
γ rˇsˇγuˇvˇFrˇuˇFsˇvˇ}(τ, ~σ) +
+zsˇµ(τ, ~σ)γ
rˇsˇ(τ, ~σ){πφ∗(∂rˇ + ieArˇ)φ∗ + πφ(∂rˇ − ieArˇ)φ− Frˇuˇπuˇ}(τ, ~σ) ≈ 0,
(8.21)
and the following Dirac Hamiltonian [λ(τ, ~σ) and λµ(τ, ~σ) are Dirac multiplier]
HD =
∫
d3σ[−Aτ (τ, ~σ)Γ(τ, ~σ) + λ(τ, ~σ)πτ (τ, ~σ) + λµ(τ, ~σ)Hµ(τ, ~σ)]. (8.22)
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By using the Poisson brackets
{zµ(τ, ~σ), ρν(τ, ~σ′)} = ηµν δ3(~σ − ~σ
′
),
{AAˇ(τ, ~σ), πBˇ(τ, ~σ
′
)} = ηBˇAˇδ3(~σ − ~σ
′
),
{φ(τ, ~σ), πφ(τ, ~σ′)} = {φ∗(τ, ~σ), πφ∗(τ, ~σ′)} = δ3(~σ − ~σ′), (8.23)
we find that the time constancy of the primary constraints implies the existence of only one
secondary constraint
Γ(τ, ~σ) = ∂rˇπ
rˇ(τ, ~σ) + ie(πφ∗φ
∗ − πφφ)(τ, ~σ) ≈ 0. (8.24)
We can verify that these constraints are first class with the algebra given in Eqs.(125) of
Ref. [1].
The Poincare´ generators are like in Eq.(2.6).
On spacelike hyperplanes zµ(τ, ~σ) = xµs (τ) + b
µ
rˇ (τ)σ
rˇ, the constraints are reduced to the
following ones
πτ (τ, ~σ) ≈ 0,
Γ(τ, ~σ) = −~∂~π(τ, ~σ) + ie[πφ∗φ∗ − πφφ](τ, ~σ) ≈ 0,
H˜µ(τ) =
∫
d3σHµ(τ, ~σ) =
= pµs − lµ{
1
2
∫
d3σ[~π2 + ~B2](τ, ~σ) +
+
∫
d3σ[πφ∗πφ + (~∂ + ie ~A)φ
∗ · (~∂ − ie ~A)φ+m2φ∗φ](τ, ~σ)} −
− bµrˇ (τ){
∫
d3σ(~π × ~B)rˇ(τ, ~σ) +
∫
d3σ[πφ∗(∂rˇ + ieArˇ)φ
∗ +
+ πφ(∂rˇ − ieArˇ)φ](τ, ~σ)} ≈ 0,
H˜µν(τ) = bµrˇ (τ)
∫
d3σσrˇHν(τ, ~σ)− bνrˇ (τ)
∫
d3σσrˇHµ(τ, ~σ) =
= Sµνs − (bµrˇ (τ)lν − bνrˇ(τ)lµ)[
1
2
∫
d3σσrˇ(~π2 + ~B2)(τ, ~σ) +
+
∫
d3σσrˇ[πφ∗πφ + (~∂ + ie ~A)φ
∗ · (~∂ − ie ~A)φ+m2φ∗φ](τ, ~σ)}+
+ (bµrˇ (τ)b
ν
sˇ (τ)− bνrˇ (τ)bµsˇ (τ)){
∫
d3σσrˇ(~π × ~B)sˇ(τ, ~σ) +
+
∫
d3σσrˇ[πφ∗(∂sˇ + ieAsˇ)φ
∗ + πφ(∂sˇ − ieAsˇ)φ](τ, ~σ)} ≈ 0. (8.25)
With the final restriction to Wigner hyperplanes, where the canonical variables are
x˜µs (τ), p
µ
s , Aτ (τ, ~σ), π
τ (τ, ~σ), ~A(τ, ~σ), ~π(τ, ~σ), φ(τ, ~σ), πφ(τ, ~σ) = [φ˙
∗ − ieAτ ](τ, ~σ), φ∗(τ, ~σ),
πφ∗(τ, ~σ) = [φ˙− ieAτ ](τ, ~σ), the only surviving constraints are
πτ (τ, ~σ) ≈ 0,
Γ(τ, ~σ) = −~∂~π(τ, ~σ) + ie[πφ∗φ∗ − πφφ](τ, ~σ) ≈ 0,
H(τ) = ǫs − {1
2
∫
d3σ(~π2 + ~B2)(τ, ~σ) +
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+
∫
d3σ[πφ∗φ
∗πφ + (~∂ + ie ~A)φ∗ · (~∂ − ie ~A)φ+m2φ∗φ](τ, ~σ)} ≈ 0,
~Hp(τ) =
∫
d3σ(~π × ~B)(τ, ~σ) +
+
∫
d3σ[πφ∗(~∂ + ie ~A)φ
∗ + πφ(~∂ − ie ~A)φ](τ, ~σ) ≈ 0. (8.26)
In the Lorentz generators of Eq.(2.9) the spin tensor has the form
S¯rss ≡ Srsφ =
∫
d3σ{σr(~π × ~B)s(τ, ~σ)− σs(~π × ~B)r(τ, ~σ)}+
+
∫
d3σ{σr[πφ∗(∂s + ieAs)φ∗ + πφ(∂s − ieAs)φ](τ, ~σ)− (r ↔ s)}. (8.27)
To make the reduction to Dirac’s observables with respect to the electromagnetic gauge
transformations, let us recall [20,21] that the electromagnetic gauge degrees of freedom
are described by the two pairs of conjugate variables Aτ (τ, ~σ), πτ (τ, ~σ)[≈ 0], ηem(τ, ~σ) =
− 1△ ∂∂~σ · ~A(τ, ~σ), Γ(τ, ~σ)[≈ 0], so that we have the decompositions
Ar(τ, ~σ) =
∂
∂σr
ηem(τ, ~σ) + A
r
⊥(τ, ~σ),
πr(τ, ~σ) = πr⊥(τ, ~σ) +
+
1
△
∂
∂σr
[−Γ(τ, ~σ) + ie(πφ∗φ∗ − πφφ)(τ, ~σ)] ≈ 0,
{Ar⊥(τ, ~σ) , πs⊥(τ, ~σ
′
)} = −P rs⊥ (~σ)δ3(~σ − ~σ
′
), (8.28)
where P rs⊥ (~σ) = δ
rs + ∂
r∂s
△ , △ = −~∂2. Then, we have∫
d3σ ~π2(τ, ~σ) =
∫
d3σ~π2⊥(τ, ~σ)−
− e
2
4π
∫
d3σ1d
3σ2
i(πφ∗φ
∗ − πφφ)(τ, ~σ1) i(πφ∗φ∗ − πφφ)(τ, ~σ2)
|~σ1 − ~σ2| . (8.29)
Since we have
{φ(τ, ~σ),Γ(τ, ~σ′)} = −ieφ(τ, ~σ)δ3(~σ − ~σ′),
{φ∗(τ, ~σ),Γ(τ, ~σ′)} = ieφ∗(τ, ~σ)δ3(~σ − ~σ′),
{πφ(τ, ~σ),Γ(τ, ~σ′)} = ieπφ(τ, ~σ)δ3(~σ − ~σ′),
{πφ∗(τ, ~σ),Γ(τ, ~σ′)} = −ieπφ∗(τ, ~σ)δ3(~σ − ~σ′), (8.30)
the Dirac observables for the Klein-Gordon field are
φˆ(τ, ~σ) = e−ieηem(τ,~σ)φ(τ, ~σ),
φˆ∗(τ, ~σ) = eieηem(τ,~σ)φ∗(τ, ~σ),
πˆφ(τ, ~σ) = e
ieηem(τ,~σ)πφ(τ, ~σ),
πˆφ∗(τ, ~σ) = e
−ieηem(τ,~σ)πφ∗(τ, ~σ),
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{φˆ(τ, ~σ) , Γ(τ, ~σ′)} = {πˆφ(τ, ~σ),Γ(τ, ~σ′)} = 0,
{φˆ∗(τ, ~σ) , Γ(τ, ~σ′)} = {πˆφ∗(τ, ~σ),Γ(τ, ~σ′)} = 0,
{φˆ(τ, ~σ), πˆφ(τ, ~σ′)} = {φˆ∗(τ, ~σ), πˆφ∗(τ, ~σ′)} = δ3(~σ, ~σ′). (8.31)
Therefore, in the generalized Wigner-covariant Coulomb gauge Aτ (τ, ~σ) = ηem(τ, ~σ) = 0,
we have φˆ∗(τ, ~σ) = [φˆ(τ, ~σ)]∗, πˆφ∗(τ, ~σ) = [πˆφ(τ, ~σ)]∗ like in the free case.
The constraints take the following form
H(τ) = ǫs − { 1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) +
+
∫
d3σ[πˆφ∗πˆφ + (~∂ + ie ~A⊥)φˆ∗ · (~∂ − ie ~A⊥)φˆ+m2φˆ∗φˆ](τ, ~σ)−
− e
2
8π
∫
d3σ1d
3σ2
i(πˆφ∗φˆ
∗ − πˆφφˆ)(τ, ~σ1) i(πˆφ∗φˆ∗ − πˆφφˆ)(τ, ~σ2)
|~σ1 − ~σ2| },
~Hp(τ) =
∫
d3σ(~π⊥ × ~B)(τ, ~σ) +
∫
d3σ(πˆφ∗~∂φˆ
∗ + πˆφ~∂φˆ)(τ, ~σ) ≈ 0, (8.32)
where the Coulomb self-interaction appears in the invariant mass and where the 3 constraints
defining the rest frame do not depend on the interaction since we are in an instant form of
the dynamics. The final form of the rest-frame spin tensor is
S¯rss =
∫
d3σ{σr[(~π⊥ × ~B)s + πˆφ∗∂sφˆ∗ + πˆφ∂sφˆ]− (r ↔ s)}(τ, ~σ) =
= Srsφ (τ) +
∫
d3σ{σr[(~π⊥ × ~B)s − (r ↔ s)}(τ, ~σ). (8.33)
If we go to the gauge χ = Ts − τ ≈ 0, we can eliminate the variables ǫs, Ts, and the
τ -evolution (in the Lorentz scalar rest-frame time) is governed by the Hamiltonian
HR =M − ~λ(τ) · ~Hp(τ),
M =
1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) +
+
∫
d3σ[πˆφ∗ πˆφ + (~∂ + ie ~A⊥)φˆ∗ · (~∂ − ie ~A⊥)φˆ+m2φˆ∗φˆ](τ, ~σ)−
− e
2
8π
∫
d3σ1d
3σ2
i(πˆφ∗ φˆ
∗ − πˆφφˆ)(τ, ~σ1) i(πˆφ∗ φˆ∗ − πˆφφˆ)(τ, ~σ)2)
|~σ1 − ~σ2| . (8.34)
In the gauge ~λ(τ) = 0, the Hamilton equations are
∂τ φˆ(τ, ~σ)
◦
= πˆφ∗(τ, ~σ) +
+
ie2
4π
φˆ(τ, ~σ)
∫
d3σ¯
i(πˆφ∗ φˆ
∗ − πˆφφˆ)(τ, ~¯σ)
|~σ − ~¯σ| ,
∂τ πˆφ∗(τ, ~σ)
◦
= [(~∂ − ie ~A⊥(τ, ~σ))2 −m2]φˆ(τ, ~σ) +
+
ie2
4π
πˆφ∗(τ, ~σ)
∫
d3σ¯
i(πˆφ∗ φˆ
∗ − πˆφφˆ)(τ, ~¯σ)
|~σ − ~¯σ| ,
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∂τA
r
⊥(τ, ~σ)
◦
= −πr⊥(τ, ~σ),
∂τπ
r
⊥(τ, ~σ)
◦
= △Ar⊥(τ, ~σ) +
+ ieP rs⊥ (~σ)[φˆ
∗(∂s − ieAs⊥)φˆ− φˆ(∂s + ieAs⊥)φˆ∗](τ, ~σ). (8.35)
The equations for φˆ∗ and πφ are the complex conjugate of those for φˆ and for πˆφ∗ .
By using the results of Ref. [21], we have the following inversion formula
πˆφ∗
◦
= ∂τ φˆ+ ie
2φˆ
1
△i(πˆφ∗ φˆ
∗ − πˆφφˆ) =
= ∂τ φˆ+ ie
2φˆ
1
△+ 2e2φˆ∗φˆ i(φˆ
∗∂τ φˆ− φˆ∂τ φˆ∗), (8.36)
since we have i(φˆ∗∂τ φˆ − φˆ∂τ φˆ∗) = (1 + 2e2φˆ∗φˆ 1△)i(πˆφ∗ φˆ∗ − πˆφφˆ) and where use has been
done of the operator identity 1
A
1
1+B 1
A
= 1
A
[1−B 1
A
+B 1
A
B 1
A
− ...] = 1
A+B
(valid for B a small
perturbation of A) for A = △ and B = 2e2φˆ∗φˆ.
Using this formula, we get the following second order equations of motion
{[ ∂τ + ie2 1△+ 2e2φˆ∗φˆ i(φˆ
∗∂τ φˆ− φˆ∂τ φˆ∗)]2 − (~∂ − ie ~A⊥)2 +m2 }φˆ ◦=0,
[∂2τ +△]Ar⊥ ◦= ieP rs⊥ (~σ)[φˆ∗(∂s − ieAs⊥)φˆ− φˆ(∂s + ieAs⊥)φˆ∗]. (8.37)
We see that the non-local velocity-dependent self-energy is formally playing the role of
a scalar potential.
Due to Eqs.(8.31), in the gauge Aτ (τ, ~σ) = ηem(τ, ~σ) = 0 the Dirac observables φˆ, πˆφ,
φˆ∗, πˆφ∗ , admit a Fourier decomposition like in the free case, see Eqs.(8.10) and (D5), with
Fourier coefficients aˆ, bˆ [the fields φˆa, φˆb and the Fourier coefficients aˆ, bˆ, tend to the free
ones φa, φb, a, b, when we turn off the electromagnetic interaction, switching off the electric
charge]
aˆ(τ, ~q) =
√
2mω(q)
∫
d3σφˆa(τ, ~σ)e
i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φˆ(τ, ~σ) + iπˆφ∗(τ, ~σ)]e
i(ω(q)τ−~q·~σ) =
=
√
Iˆa(τ, ~q)e
iϕˆa(τ,~q),
aˆ∗(τ, ~q) =
√
2mω(q)
∫
d3σφˆ∗a(τ, ~σ)e
−i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φˆ∗(τ, ~σ) + iπˆφ(τ, ~σ)]e−i(ω(q)τ−~q·~σ) =
=
√
Iˆa(τ, ~q)e
−iϕˆa(τ,~q),
bˆ(τ, ~q) =
√
2mω(q)
∫
d3σφˆb(τ, ~σ)e
i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φˆ(τ, ~σ)− iπˆφ∗(τ, ~σ)]ei(ω(q)τ−~q·~σ) =
=
√
Iˆb(τ, ~q)e
iϕˆb(τ,~q),
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bˆ∗(τ, ~q) =
√
2mω(q)
∫
d3σφˆ∗b(τ, ~σ)e
−i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φˆ∗(τ, ~σ) + iπˆφ(τ, ~σ)]e−i(ω(q)τ−~q·~σ) =
=
√
Iˆb(τ, ~q)e
−iϕˆb(τ,~q),
φˆa(τ, ~σ) =
1√
2m
√
m2 +△
[√
m2 +△φˆ(τ, ~σ) + iπˆφ∗(τ, ~σ)
]
=
=
√
2
m
∫
dq˜
√
ω(q)aˆ(τ, ~q)e−i(ω(q)τ−~q·~σ),
φˆb(τ, ~σ) =
1√
2m
√
m2 +△
[√
m2 +△φˆ(τ, ~σ) + iπˆφ∗(τ, ~σ)
]
=
=
√
2
m
∫
dq˜
√
ω(q)bˆ(τ, ~q)e−i(ω(q)τ−~q·~σ),
φˆ(τ, ~σ) = [φˆ∗(τ, ~σ)]∗ =
√
m
2
1
(m2 +△)1/4 [φˆa + φˆ
∗
b ](τ, ~σ),
πˆφ∗(τ, ~σ) = [πˆφ(τ, ~σ)]
∗ = −i
√
m
2
(m2 +△)1/4[φˆa − φˆ∗b ](τ, ~σ). (8.38)
Let us now assume that the fields satisfy Eq.(4.29). Then, we can define the canonical
transformations aˆ, aˆ∗ 7→ PˆAaφ, XˆAaφ(Xˆτaφ = τ + ˆ˜X
τ
aφ), Hˆa, Kˆa and bˆ, bˆ
∗ 7→ PˆAbφ, XˆAbφ(Xˆτbφ =
τ + ˆ˜X
τ
bφ), Hˆb, Kˆb, and then Xˆ
A
aφ, Pˆ
A
aφ, Xˆ
A
bφ, Pˆ
A
bφ 7→ XˆAφ , PˆAφ , RˆAφ , QˆAφ . We get
Pˆ τφ = m
∫
d3σ[φˆ∗a
√
m2 +△φˆa + φˆ∗b
√
m2 +△φˆb](τ, ~σ),
~ˆP φ = im
∫
d3σ[φˆ∗a~∂φˆa + φˆ
∗
b
~∂φˆb](τ, ~σ),
Qˆτφ =
m
2
∫
d3σ[φˆ∗a
√
m2 +△φˆa − φˆ∗b
√
m2 +△φˆb](τ, ~σ),
~ˆQφ = i
m
2
∫
d3σ[φˆ∗a~∂φˆa − φˆ∗b~∂φˆb](τ, ~σ),
Xˆτφ = τ +
ˆ˜X
τ
φ = τ +
+
1
4πim
∫
d3q
e−
4π
m2
q2
q2 ω(q)(
ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆa + (ω(q)−
√
m2 +△)φˆ∗b ](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆ∗a + (ω(q)−
√
m2 +△)φˆb](τ, ~σ)
+
+ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 −△)φˆ∗a + (ω(q) +
√
m2 +△)φˆb](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q)−√m2 +△)φˆa + (ω(q) +
√
m2 +△)φˆ∗b ](τ, ~σ)
)
,
~ˆXφ =
2i
πm
∫
d3q
~q
q4
e−
4π
m2
q2
(
ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆa + (ω(q)−
√
m2 +△)φˆ∗b ](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆ∗a + (ω(q)−
√
m2 +△)φˆb](τ, ~σ)
−
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−ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 −△)φˆ∗a + (ω(q) +
√
m2 +△)φˆb](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q)−√m2 +△)φˆa + (ω(q) +
√
m2 +△)φˆ∗b ](τ, ~σ)
)
,
Rˆτφ =
1
2πim
∫
d3q
e−
4π
m2
q2
q2 ω(q)
(
ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆa + (ω(q)−
√
m2 +△)φˆ∗b ](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆ∗a + (ω(q)−
√
m2 +△)φˆb](τ, ~σ)
−
−ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 −△)φˆ∗a + (ω(q) +
√
m2 +△)φˆb](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q)−√m2 +△)φˆa + (ω(q) +
√
m2 +△)φˆ∗b ](τ, ~σ)
)
,
~ˆRφ =
i
πm
∫
d3q
~q
q4
e−
4π
m2
q2
(
ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆa + (ω(q)−
√
m2 +△)φˆ∗b ](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q) +√m2 +△)φˆ∗a + (ω(q)−
√
m2 +△)φˆb](τ, ~σ)
+
+ln
∫
d3σei~q·~σ(m2 +△)−1/4[(ω(q) +√m2 −△)φˆ∗a + (ω(q) +
√
m2 +△)φˆb](τ, ~σ)∫
d3σe−i~q·~σ(m2 +△)−1/4[(ω(q)−√m2 +△)φˆa + (ω(q) +
√
m2 +△)φˆ∗b ](τ, ~σ)
)
,
φˆa(τ, ~σ) =
∫
dk˜
√
2ω(k)
m
Aa~k(τ ;
1
2
PˆAφ + Qˆ
A
φ , Bˆa] e
i(~k·~σ+B
a~k
(τ ;XˆA
φ
+ 1
2
RˆA
φ
,Kˆa]),
φˆb(τ, ~σ) =
∫
dk˜
√
2ω(k)
m
Ab~k(τ ;
1
2
PˆAφ + Qˆ
A
φ , Bˆb] e
i(~k·~σ+B
b~k
(τ ;XˆA
φ
+ 1
2
RˆA
φ
,Kˆb]). (8.39)
In terms of these variables Eqs.(8.34) and (8.33) become
HR = M − ~λ(τ) · ~Hp(τ),
M =
1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) + Pˆ τφ (τ) +
+ m
∫
d3σ
[
ie ~A⊥(τ, ~σ) · 1√
m2 +△ [φˆ
∗
a + φˆb](τ, ~σ)
~∂√
m2 +△ [φˆa + φˆ
∗
b ](τ, ~σ) +
+
e2
2
~A2⊥(τ, ~σ)
1√
m2 +△ [φˆ
∗
a + φˆb](τ, ~σ)
1√
m2 +△ [φˆa + φˆ
∗
b ](τ, ~σ)
]
−
− e
2m2
32π
∫
d3σ1d
3σ2
|~σ1 − ~σ2|
[√
m2 +△1[φˆa − φˆ∗b ]
1√
m2 +△1
[φˆ∗a + φˆb]−
−
√
m2 +△1[φˆ∗a − φˆb]
1√
m2 +△1
[φˆa + φˆ
∗
b ]
]
(τ, ~σ1)
[√
m2 +△2[φˆa − φˆ∗b ]
1√
m2 +△2
[φˆ∗a + φˆb]−
−
√
m2 +△2[φˆ∗a − φˆb]
1√
m2 +△2 [φˆa + φˆ
∗
b ]
]
(τ, ~σ2),
~Hp(τ) = ~ˆP φ(τ) +
∫
d3σ(~π⊥ × ~B)(τ, ~σ) ≈ 0,
S¯rss ≡ Sˆrsφ (τ) +
∫
d3σ
[
σr(~π⊥ × ~B)s − σs(~π⊥ × ~B)r
]
. (8.40)
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In Appendix Ethere is the expression of the interaction terms in M in terms of aˆ, bˆ.
The fields φˆa, φˆb, are solutions of the coupled Hamilton equations generated by HR
and these equations cannot be decoupled when the associated Feshbach-Villars Hamiltonian
cannot be diagonalized: in these cases φˆa [φˆb] does not correspond to a positive [negative]
energy solution.
Only when we have the collective and relative canonical variables of the transverse elec-
tromagnetic fields ~A⊥, ~π⊥, we will be able to add the gauge fixings for the constraints ~Hp ≈ 0,
defining the rest frame, and to get the final form of the physical Hamiltonian for classical
scalar electrodynamics in the rest-frame Wigner-covariant instant form of the dynamics.
D. The energy-momentum tensor.
The conserved energy-momentum tensor of the isolated system formed by the Klein-
Gordon field plus the electromagnetic field is [D(A)µ φ˜(x) = [∂µ − ieAµ(x)]φ˜(x); φ˜(z(τ, ~σ)) =
φ(τ, ~σ); A˜µ(z(τ, ~σ)) = z
A
µ (τ, ~σ)AA(τ, ~σ); T
µν
em(x) = F˜
µα(x)F˜α
ν(x) + 1
4
ηµνF˜ αβ(x)F˜αβ(x)]
Θµν(x) = F˜ µα(x)F˜α
ν(x) +
1
4
ηµνF˜ αβ(x)F˜αβ(x) +
+ (D(A)µφ˜(x))
∗
D(A)ν φ˜(x) + (D(A)ν φ˜(x))
∗
D(A)µφ˜(x)−
− ηµν [(D(A)αφ˜(x))∗D(A)αφ˜(x)] =
=
[
zµAz
ν
B
(
[gADgCEgBF +
1
4
gABgCDgEF ]FDEFCF + g
ABm2φ∗φ+
+ [gACgBD + gBCgAD − gABgCD](∂C + ieAC)φ∗ (∂D − ieAD)φ
)]
(τ, ~σ) =
= T µνem(x) + T
µν
φ,A(x),
∂νΘ
νµ(x)
◦
= 0,
⇒ ∂νT µνφ,A(x) ◦= − F˜ µν(x)Jφν(x), (8.41)
where the conserved electromagnetic current of the Klein-Gordon field Jµφ is [∂µJ
µ
φ
◦
=0 is
replaced by
dqφ
dTs
◦
=0 at the Hamiltonian level on the Wigner hyperplanes with qφ = e given
in Eq.(8.11)]
Jµφ (τ, ~σ) = −i[(∂µ + ieA˜µ)φ˜∗φ˜− φ˜∗(∂µ − ieA˜µ)φ˜](z) =
= −izµA(τ, ~σ)[(∂A + ieAA)φ∗φ− φ∗(∂A − ieAA)φ](τ, ~σ) =
= izµτ (τ, ~σ)[πφ∗φ
∗ − πφφ](τ, ~σ) +
+ izµr (τ, ~σ)[φ
∗(∂r − ieAr)φ− (∂r + ieAr)φ∗φ](τ, ~σ). (8.42)
On Wigner hyperplanes with Ts = τ in the Coulomb gauge we have
Jˆµφ (Ts, ~σ) = u
µ(ps)i[πˆφ∗ φˆ
∗ − πˆφφˆ](Ts, ~σ) +
+ ǫµr (u(ps))i[φˆ
∗(∂r − ieAr⊥)φˆ− (∂r + ieAr⊥)φˆ∗φˆ](Ts, ~σ)]. (8.43)
On the Wigner hyperplanes we get the following expression for the energy-momentum
tensor
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Θµν [xβs (Ts) + ǫ
β
u(u(ps))σ
u] =
= uµ(ps)u
ν(ps)
[1
2
(~π2 + ~B2) + πφ∗πφ + (~∂ + ie ~A)φ
∗ · (~∂ − ie ~A)φ+m2φ∗φ
]
(Ts, ~σ) +
+ ǫµr (u(ps))ǫ
ν
s(u(ps))
[1
2
δrs(~π2 + ~B2)− (πrπs +BrBs) + δrs(πφ∗πφ −m2φ∗φ) +
+ (δruδsv + δrvδsu − δrsδuv)(∂u + ieAu)φ∗ (∂v − ieAv)φ
]
(Ts, ~σ) +
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))][
(~π × ~B)r + πφ∗(∂r + ieAr)φ∗ + πφ(∂r − ieAr)φ
]
(Ts, ~σ), (8.44)
whose expression in the Aτ (Ts, ~σ) = ηem(Ts, ~σ) = 0 Coulomb gauge, where, from Eq.(8.28),
we have πr = πr⊥ +
e
△Qˆ with Qˆ = i[πˆφ∗ φˆ∗ − πˆφφˆ] [so that Eq.(8.11) becomes qφ =∫
d3σQˆ(τ, ~σ)], is
Θˆµν [xβs (Ts) + ǫ
β
u(u(ps))σ
u] =
= uµ(ps)u
ν(ps)
[1
2
(~π2⊥ + ~B
2) + e~π⊥ ·
~∂
△Qˆ+
e2
2
(
~∂
△Qˆ)
2 +
+ πˆφ∗πˆφ + (~∂ + ie ~A⊥)φˆ∗ · (~∂ − ie ~A⊥)φˆ+m2φˆ∗φˆ
]
(Ts, ~σ) +
+ ǫµr (u(ps))ǫ
ν
s(u(ps))
[1
2
δrs(~π2⊥ + ~B
2)− (πr⊥πs⊥ +BrBs) +
+ e
(
δrs~π⊥ ·
~∂
△Qˆ − [π
r
⊥
∂s
△ + π
s
⊥
∂r
△ ]Qˆ
)
+
+ e2
(1
2
δrs(
~∂
△Qˆ)
2 − ∂
r
△Qˆ
∂s
△Qˆ
)
+
+ δrs(πˆφ∗πˆφ −m2φˆ∗φˆ) +
+ (δruδsv + δrvδsu − δrsδuv)(∂u + ieAu⊥)φˆ∗ (∂v − ieAv⊥)φˆ
]
(Ts, ~σ) +
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))][
(~π⊥ × ~B)r + πˆφ∗(∂r + ieAr⊥)φˆ∗ + πˆφ(∂r − ieAr⊥)φˆ
]
(Ts, ~σ),
Θˆµµ [x
β
s (Ts) + ǫ
β
u(u(ps))σ
u] =
= −2
[
πˆφ∗πˆφ − (~∂ + ie ~A⊥)φˆ∗ · (~∂ − ie ~A⊥)φˆ− 2m2φˆ∗φˆ
]
(Ts, ~σ),
Pˆ µΘ =
∫
d3σΘˆµνuν(ps) =
= Muµ(ps) +Hrp(Ts)ǫµr (u(ps)) ≈Muµ(ps),
ΘˆrsS = ǫ
r
µ(u(ps))ǫ
s
ν(u(ps))Θˆ
µν =
=
[1
2
δrs(~π2⊥ + ~B
2)− (πr⊥πs⊥ +BrBs) +
+ e
(
δrs~π⊥ ·
~∂
△Qˆ − [π
r
⊥
∂s
△ + π
s
⊥
∂r
△ ]Qˆ
)
+
+ e2
(1
2
δrs(
~∂
△Qˆ)
2 − ∂
r
△Qˆ
∂s
△Qˆ
)
+
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+ δrs(πˆφ∗πˆφ −m2φˆ∗φˆ) +
+ (δruδsv + δrvδsu − δrsδuv)(∂u + ieAu⊥)φˆ∗ (∂v − ieAv⊥)φˆ
]
(Ts, ~σ). (8.45)
The Dixon multipoles with respect to the origin xµs (τ) are
tµ1...µnµνΘ (Ts) =
∫
d3σδxµ1s (~σ)...δx
µn
s (~σ)Θˆ
µν [xβs (Ts) + ǫ
β
u(u(ps))σ
u] =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ
A(u(ps))ǫ
ν
B(u(ps))I
r1..rnAB
Θ (Ts), (8.46)
and all the derived multipoles for the interacting case can be obtained from these ones
following the scheme of Section V.
With the same techniques we can study the multipoles tµ1...µnµνφ,A (Ts) and all the related
ones Pˆ µφ,A, Sˆ
µν
φ,A, Jˆ
µ1...µnµν
φ,A of Tˆ
µν
φ,A. The Dixon multipoles of the electromagnetic field in the
rest-frame instant form will be studied in a future paper.
Let us remark that in absence of the electromagnetic field, namely in the free theory of
a complex Klein-Gordon field, we have
Θµν [xβs (Ts) + ǫ
β
u(u(ps))σ
u] = T µνφ [x
β
s (Ts) + ǫ
β
u(u(ps))σ
u] =
= uµ(ps)u
ν(ps)[πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ](Ts, ~σ) +
+ [uµ(ps)ǫ
ν
r (u(ps)) + u
ν(ps)ǫ
µ
r (u(ps))][πφ∗∂
rφ∗ + πφ∂
rφ](Ts, ~σ) +
+ ǫµ(u(ps))ǫ
ν
s(u(ps))[δ
rs(πφ∗πφ −m2φ∗φ) +
+ (δruδsv + δrvδsu − δrsδuv)∂uφ∗∂vφ](Ts, ~σ),
tµ1...µnµνT∗ (Ts) =
∫
d3σδxµ1s (~σ)...δx
µn
s (~σ)T
µν
φ [x
β
s (Ts) + ǫ
β
u(u(ps))σ
u] =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ
A(u(ps))ǫ
ν
B(u(ps))I
r1..rnAB
T∗ (Ts), (8.47)
and, again with the methods of Section V, we can define the Dixon multipoles [tµ1...µnµνφ (Ts)
and the related ones] of the complex Klein-Gordon field in absence of interaction. In
particular, from Eq.(5.10) we get t˜µ1φ (Ts) = ǫ
µ1
r1
(u(ps))I
r1ττ
T∗ (Ts) with I
rττ
T∗ (Ts) ≡ −P τφ rrφ =∫
d3σ σr[πφ∗πφ + ~∂φ
∗ · ~∂φ+m2φ∗φ](Ts, ~σ) and its vanishing identifies Dixon’s center of mass
(Mo¨ller noncanonical center of energy) ~rφ; then the canonical 3-center of mass ~qφ can be
obtained with the methods of Setion VI.
Then, as in the case of a real Klein-Gordon field, one can look for the canonical transfor-
mation from the center-of-phase canonical basis XAφ , P
A
φ , R
A
φ , Q
A
φ , Ha(τ,
~k), Ka(τ,~k), to a
center-of-mass canonical basis qτφ, P
τ ′
φ =
√
(P τφ )
2 − ~P 2φ , ~qφ, ~Pφ, RA′φ , QA′φ , H′a(τ,~k), K′a(τ,~k).
Now ~R
′
φ shouls describe the relative position of the “centers of mass” for the “a” and
“b” modes of the field configuration. In the free case Eqs.(D6) show that the theory can
be reformulated in a non-local way as the sum of two theories, one for each mode: see
Ref. [25] for the Lagrangian associated to Eqs.(D6) in the framework of pseudo-differential
operators. This implies that the energy momentum tensor can be written as the sum of two
pieces, one for each mode, and that the multipole expansion and the associated definition
of center of mass can be applied to each piece. Already in the present framework, by using
Eqs.(D5) and by making integrations by parts, we get IττT∗(Ts) =
∫
d3σ[πφ∗πφ + ~∂φ
∗ · ~∂φ +
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m2φ∗φ](Ts, ~σ) = m
∫
d3σ[φ∗a
√
m2 +△φa + φ∗b
√
m2 +△φb](Ts, ~σ) = Iττa∗ (Ts) + Iττb∗ (Ts) and
IrττT∗ (Ts) =
∫
d3σ[πφ∗∂
rφ + πφ∂
rφ](Ts, ~σ) = im
∫
d3σ[φ∗a∂
rφa + φ
∗
b∂
rφb](Ts, ~σ) = I
rττ
a∗ (Ts) +
Irττb∗ (Ts) ≡ −P τaφrraφ − P τbφrrbφ. Then we could evaluate ~qaφ and ~qbφ and we expect to have
~qaφ = ~X
′
aφ = ~qφ +
1
2
~R
′
φ and ~qbφ = ~X
′
bφ = ~qφ − 12 ~R
′
φ.
The Dixon multipoles [9] for the electromagnetic current Jˆµφ are
n ≥ 0,
jˆµ1...µnµφ (Ts) = jˆ
(µ1...µn)µ
φ (Ts) =
∫
d3σδxµ1s (~σ)...δx
µn
s (~σ)Jˆ
µ
φ (Ts, ~σ) =
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))[
uµ(ps)
∫
d3σσr1 ...σrni[πˆφ∗φˆ
∗ − πˆφφˆ](Ts, ~σ) +
+ ǫµr (u(ps))
∫
d3σσr1 ...σrni[φˆ∗(∂r − ieAr⊥)φˆ− (∂r + ieAr⊥)φˆ∗φˆ](Ts, ~σ)
]
,
uµ1(ps)jˆ
µ1...µnµ
φ (Ts) = 0,
n = 0,
jˆµφ(Ts) = qφu
µ(ps) + ǫ
µ
r (u(ps))∫
d3σi[φˆ∗(∂r − ieAr⊥)φˆ− (∂r + ieAr⊥)φˆ∗φˆ](Ts, ~σ) =
= qφu
µ(ps) + ǫ
µ
r (u(ps))im
∫
d3σ
(
(φˆ∗a + φˆb)
∂r
△ (φˆa + φˆ
∗
b)−
− ieAr⊥[(m2 +△)−1/4(φˆ∗a + φˆb)][(m2 +△)−1/4(φˆa + φˆ∗b)]
)
(Ts, ~σ),
qˆµ1...µnφ (Ts) = qˆ
(µ1...µn)
φ (Ts) = jˆ
µ1...µnµ
φ (Ts)uµ(ps) = (n > 0)
= ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))
∫
d3σσr1...σrni[πˆφ∗ φˆ
∗ − πˆφφˆ](Ts, ~σ),
uµ1(ps)qˆ
µ1...µn
φ (Ts) = 0. (8.48)
In Ref. [9] it is shown how to arrive to the following reconstruction of the electromagnetic
current in terms of the multipoles (if f(k) is analytic)
< Jˆµφ , f > =
∫
d4xJˆµφ (x)f(x) =
∫
dTs
∫
d4k
(2π)4
f˜(k)e−ik·xs(Ts)
∫
d3σJˆµφ [xs(Ts) + δxs(~σ)]
∞∑
n=0
(−i)n
n!
kµ1 ...kµn jˆ
µ1...µnµ
φ (Ts) =
=
∫
dTs
∞∑
n=0
1
n!
jˆµ1...µnµφ (Ts)
∂nf(x)
∂xµ1s ...∂x
µn
s
|x=xs(Ts),
Jˆµφ (x) =
∞∑
n=0
(−)n
n!
∂n
∂xµ1s ...∂x
µn
s
∫
dTsδ
4(x− xs(Ts))jˆµ1...µnµφ (Ts). (8.49)
It is also shown that if the multipoles jˆµ1...µnµφ (Ts) are known for all n > N for some fixed
N, then Jˆµφ and the multipoles with n ≤ N are completely determined.
See Appendix C for other types of multipoles.
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IX. CONCLUSIONS.
In this paper we have made a detailed study of the kinematical description of scalar Klein-
Gordon fields on the Wigner hyperplanes of the rest-frame Wigner-covariant instant form of
dynamics. We have considered a Klein-Gordon field configuration as a relativistic extended
object and we utilized both phase space techniques from relativistic particle mechanics and
multipolar expansions from relativistic fluidodynamics to study aspects of the Klein-Gordon
field which are usually ignored notwithstanding the relevance of scalar fields in physics:
Higgs particles, Bose-Einstein condensation, Brans-Dicke scalar-tensor general relativity and
multipolar expansions for the theory of gravitational waves, boson stars.
Simultaneously, we have used the Klein-Gordon field as an example to explore the de-
scription of isolated systems on the Wigner hyperplanes showing how the elusive concept
of “relativistic center of mass” has to be divided in an “external” part (with respect to an
arbitrary Lorentz frame) and in an “internal” part (inside the Wigner hyperplane). In both
cases a canonical noncovariant Newton-Wigner-like center of mass, a covariant noncanonical
Fokker-Pryce center of inertia and a noncanonical noncovariant Mo¨ller center of energy may
be defined only in terms of the generators of suitable realizations of the Poincae´ algebra.
The three “internal” centers weakly coincide due to the three first class constraints defining
the rest frame of the isolated system and are, therefore, gauge variables inside the Wigner
hyperplanes. Namely there is the gauge freedom in the choice of the “external” timelike
worldline to which they have to be attached. Now, in the description of the Wigner hyper-
plane with respect to an arbitrary Lorentz frame in Minkowski spacetime this gauge freedom
is reflected in the arbitrariness of the choice of a timelike worldline xµs (τ), with noncanonical
4-coordinates, to be used as origin of the “internal” 3-coordinates. The natural gauge fixing
for this gauge freedom is to put the three weakly coinciding “internal” centers in this origin:
in this way the origin xµs (τ) is forced to coincide with the “external” covariant noncanon-
ical Fokker-Pryce center of inertia and simultaneously to satisfy the conditions for being
both the Pirani and the Tulczyjew centroid. Around this worldline there is a noncovariance
worldtube (whose finite extension is measured by the Mo¨ller radius [22,2]) containing all
the pseudoworldlines of the noncovariant “external” canonical Newton-Wigner-like center of
mass and noncanonical Mo¨ller center of energy.
Naturally, one could fix the gauge freedom in a different way by identifying a different
“internal” collective 3-vector with the origin xµs : in such a case x
µ
s becomes one of the many
possible covariant noncanonical centroids existing in literature and does not coincide with the
“external” Fokker-Pryce center of inertia. For instance this happens for the Klein-Gordon
field, because we do not yet know its canonical basis containing the “internal” center of
mass 3-vector. In the Longhi-Materassi canonical decomposition of the Klein-Gordon field
in collective and relative variables this 3-vector is replaced by another 3-vector, which can
be named the “internal” center of phase of the field configuration by its construction.
The other main result of this paper is the identification of the canonical basis containing
the “internal” center of phase of the Klein-Gordon field and of its multipoles in the framework
of the rest-frame Wigner-covariant instant form of dynamics.
Therefore, many unrelated kinematical concepts find a well defined setting on the Wigner
hyperplanes of the rest-frame Wigner-covariant instant form of dynamics, which seems to
be the natural tool (like the separation of the center-of-mass motion in the nonrelativistic
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case) to be used in relativistic statistical mechanics and in lattice gauge theories due to its
intrinsic Euclidean signature (without any Wick rotation) and to its associated description
of the evolution by means of the Lorentz scalar rest-frame time measured by the clock of
the decoupled (but noncovariant) point particle observer defined by the “external” canonical
center of mass.
Even if much work is still needed to clarify all the aspects of the multipolar expansions of
the Klein-Gordon field and of its properties as a relativistic extended object, especially for
the charged fields of scalar electrodynamics, now we have a well defined framework in which
to make further investigations and a first completely worked out canonical decomposition of
the field in collective and relative variables.
A final comment on quantization. The canonical basis of the Klein-Gordon field con-
taining the center of phase does not seem a good candidate for the quantization of the field
in the rest-frame instant form of dynamics both due to the complicated expression of the
original fields in terms of the new variables and to the fact that there is no sound canonical
quantization of phases and angles (different is the case with their exponentials) as can be
seen from the various articles contained in Ref. [23]. Let us remark that the problem of the
non measurability of absolute phases (see the previous reference) is connected with the open
problem of the measurability of the “external” decoupled noncovariant canonical center of
mass of an isolated system (the quantization of these degrees of freedom would generate an
equivalent of the “wave function of the universe”) as it is clear from the Longhi-Materassi
canonical basis, in which the collective position variable is built starting from the phases of
the Fourier coefficients of the Klein-Gordon field.
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APPENDIX A: NOTATIONS FOR SPACELIKE HYPERSURFACES.
In this Appendix we will review the background material from Ref. [1] needed in the
description of physical systems on spacelike hypersurfaces.
Let {Στ} be a one-parameter family of spacelike hypersurfaces foliating Minkowski space-
time M4 and giving a 3+1 decomposition of it. At fixed τ , let zµ(τ, ~σ) be the coordinates
of the points on Στ in M
4, {~σ} a system of coordinates on Στ . If σAˇ = (στ = τ ;~σ = {σrˇ})
[the notation Aˇ = (τ, rˇ) with rˇ = 1, 2, 3 will be used; note that Aˇ = τ and Aˇ = rˇ = 1, 2, 3
are Lorentz-scalar indices] and ∂Aˇ = ∂/∂σ
Aˇ, one can define the vierbeins
zµ
Aˇ
(τ, ~σ) = ∂Aˇz
µ(τ, ~σ), ∂Bˇz
µ
Aˇ
− ∂AˇzµBˇ = 0, (A1)
so that the metric on Στ is
gAˇBˇ(τ, ~σ) = z
µ
Aˇ
(τ, ~σ)ηµνz
ν
Bˇ(τ, ~σ), gττ (τ, ~σ) > 0,
g(τ, ~σ) = −det || gAˇBˇ(τ, ~σ) || = (det || zµAˇ(τ, ~σ) ||)
2,
γ(τ, ~σ) = −det || grˇsˇ(τ, ~σ) ||. (A2)
If γ rˇsˇ(τ, ~σ) is the inverse of the 3-metric grˇsˇ(τ, ~σ) [γ
rˇuˇ(τ, ~σ)guˇsˇ(τ, ~σ) = δ
rˇ
sˇ ], the inverse
gAˇBˇ(τ, ~σ) of gAˇBˇ(τ, ~σ) [g
AˇCˇ(τ, ~σ)gcˇbˇ(τ, ~σ) = δ
Aˇ
Bˇ
] is given by
gττ(τ, ~σ) =
γ(τ, ~σ)
g(τ, ~σ)
,
gτ rˇ(τ, ~σ) = −[γ
g
gτuˇγ
uˇrˇ](τ, ~σ),
grˇsˇ(τ, ~σ) = γ rˇsˇ(τ, ~σ) + [
γ
g
gτuˇgτ vˇγ
uˇrˇγ vˇsˇ](τ, ~σ), (A3)
so that 1 = gτCˇ(τ, ~σ)gCˇτ (τ, ~σ) is equivalent to
g(τ, ~σ)
γ(τ, ~σ)
= gττ (τ, ~σ)− γ rˇsˇ(τ, ~σ)gτ rˇ(τ, ~σ)gτ sˇ(τ, ~σ). (A4)
We have
zµτ (τ, ~σ) = (
√
g
γ
lµ + gτ rˇγ
rˇsˇzµsˇ )(τ, ~σ), (A5)
and
ηµν = zµ
Aˇ
(τ, ~σ)gAˇBˇ(τ, ~σ)zνBˇ(τ, ~σ) =
= (lµlν + zµrˇ γ
rˇsˇzνsˇ )(τ, ~σ), (A6)
where
lµ(τ, ~σ) = (
1√
γ
ǫµαβγz
α
1ˇ z
β
2ˇ
zγ
3ˇ
)(τ, ~σ),
l2(τ, ~σ) = 1, lµ(τ, ~σ)z
µ
rˇ (τ, ~σ) = 0, (A7)
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is the unit (future pointing) normal to Στ at z
µ(τ, ~σ).
For the volume element in Minkowski spacetime we have
d4z = zµτ (τ, ~σ)dτd
3Σµ = dτ [z
µ
τ (τ, ~σ)lµ(τ, ~σ)]
√
γ(τ, ~σ)d3σ =
=
√
g(τ, ~σ)dτd3σ. (A8)
Let us remark that according to the geometrical approach of Ref. [24], one can use
Eq.(A5) in the form zµτ (τ, ~σ) = N(τ, ~σ)l
µ(τ, ~σ) + N rˇ(τ, ~σ)zµrˇ (τ, ~σ), where N =
√
g/γ =√
gττ − γ rˇsˇgτ rˇgτ sˇ and N rˇ = gτ sˇγ sˇrˇ are the standard lapse and shift functions, so that gττ =
N2 + grˇsˇN
rˇN sˇ, gτ rˇ = grˇsˇN
sˇ, gττ = N−2, gτ rˇ = −N rˇ/N2, grˇsˇ = γ rˇsˇ + N rˇN sˇ
N2
, ∂
∂zµτ
= lµ
∂
∂N
+
zsˇµγ
sˇrˇ ∂
∂N rˇ
, d4z = N
√
γdτd3σ.
The rest frame form of a timelike fourvector pµ is
◦
p µ = η
√
p2(1;~0) = ηµoη
√
p2,
◦
p 2 = p2,
where η = sign po. The standard Wigner boost transforming
◦
p µ into pµ is
Lµν(p,
◦
p) = ǫµν (u(p)) =
= ηµν + 2
pµ
◦
pν
p2
− (p
µ +
◦
p
µ
)(pν +
◦
pν)
p· ◦p +p2
=
= ηµν + 2u
µ(p)uν(
◦
p)− (u
µ(p) + uµ(
◦
p))(uν(p) + uν(
◦
p))
1 + uo(p)
,
ν = 0 ǫµo (u(p)) = u
µ(p) = pµ/η
√
p2,
ν = r ǫµr (u(p)) = (−ur(p); δir −
ui(p)ur(p)
1 + uo(p)
). (A9)
The inverse of Lµν(p,
◦
p) is Lµν(
◦
p, p), the standard boost to the rest frame, defined by
Lµν(
◦
p, p) = Lν
µ(p,
◦
p) = Lµν(p,
◦
p)|~p→−~p. (A10)
Therefore, we can define the following vierbeins [the ǫµr (u(p))’s are also called polarization
vectors; the indices r, s will be used for A=1,2,3 and o¯ for A=0]
ǫµA(u(p)) = L
µ
A(p,
◦
p),
ǫAµ (u(p)) = L
A
µ(
◦
p, p) = ηABηµνǫ
ν
B(u(p)),
ǫo¯µ(u(p)) = ηµνǫ
ν
o(u(p)) = uµ(p),
ǫrµ(u(p)) = −δrsηµνǫνr (u(p)) = (δrsus(p); δrj − δrsδjh
uh(p)us(p)
1 + uo(p)
),
ǫAo (u(p)) = uA(p), (A11)
which satisfy
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ǫAµ (u(p))ǫ
ν
A(u(p)) = η
µ
ν ,
ǫAµ (u(p))ǫ
µ
B(u(p)) = η
A
B,
ηµν = ǫµA(u(p))η
ABǫνB(u(p)) = u
µ(p)uν(p)−
3∑
r=1
ǫµr (u(p))ǫ
ν
r(u(p)),
ηAB = ǫ
µ
A(u(p))ηµνǫ
ν
B(u(p)),
pα
∂
∂pα
ǫµA(u(p)) = pα
∂
∂pα
ǫAµ (u(p)) = 0. (A12)
The Wigner rotation corresponding to the Lorentz transformation Λ is
Rµν(Λ, p) = [L(
◦
p, p)Λ−1L(Λp,
◦
p)]
µ
ν =
(
1 0
0 Rij(Λ, p)
)
,
Rij(Λ, p) = (Λ
−1)
i
j − (Λ
−1)iopβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
−
− p
i
po + η
√
p2
[(Λ−1)oj − ((Λ
−1)oo − 1)pβ(Λ−1)βj
pρ(Λ−1)ρo + η
√
p2
]. (A13)
The polarization vectors transform under the Poincare´ transformations (a,Λ) in the
following way
ǫµr (u(Λp)) = (R
−1)rs Λµν ǫνs (u(p)). (A14)
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APPENDIX B: THE KLEIN-GORDON FIELD.
Let us review the main results of Ref. [6]. For the sake of simplicity we shall denote φ(x)
the Klein-Gordon field φ˜(x) of Section III.
Given a real field, solution of the Klein-Gordon equation, φ(x) = φ∗(x) = φ(xo, ~x) =∫
dk˜[a(~k)e−ik·x+a∗(~k)eik·x] [with dk˜ = d3k/Ω(k), Ω(k) = (2π)3ω(k), ω(k) = ko =
√
m2 + k2,
k = |~k|; a(~k) and ∂a(~k)/∂ki are assumed to be in L2(dk˜); a(~k) is xo-independent in
the free case without self interactions V (φ)], its conjugate momentum is π(x) = ∂φ(x)
∂xo
=
−i ∫ dk˜ω(k)[a(~k)e−ik·x − a∗(~k)eik·x]. The 10 Poincare´ generators
P µφ =
1
2
∫
d3x
[
π∂µφ− 1
2
ηoµ[π2 − (~∂φ)2 −m2φ2]
]
(xo, ~x) =
=
∫
dk˜ kµa∗(~k)a(~k),
Jµνφ =
∫
d3x
[(
π(xµ∂ν − xν∂µ)φ
)
(xo, ~x)− 1
2
(xµηνo − xνηµo)(π2 − (~∂φ)2 −m2φ2)
]
(xo, ~x),
J ijφ =
∫
d3x
[
π(xi∂j − xj∂i)φ
]
(xo, ~x) =
= −i
∫
dk˜a∗(~k)(ki
∂
∂kj
− kj ∂
∂ki
)a(~k),
Joiφ = x
o
∫
d3x(π∂iφ)(xo, ~x)− 1
2
∫
d3xxi [π2 + (~∂φ)2 +m2φ2](xo, ~x) =
= xoP iφ − i
∫
dk˜a∗(~k)ω(k)
∂
∂ki
a(~k),
{P µφ , P νφ } = 0, {Jµνφ , pρφ} = P µφ ηνρ − P νφηµρ,
{Jµνφ , Jρσφ } = ηµσJνρφ + ηνρJµσφ − ηµρJνσφ − ηνσJµρφ , (B1)
are finite if |a(~k)|→k>>m k− 32−σ, σ > 0, and |a(~k)|→k<<m k− 32+ǫ, ǫ > 0.
By putting a(~k) =
√
I(~k)eiϕ(
~k), one gets
P µφ =
∫
dk˜ kµI(~k),
J ijφ =
∫
dk˜I(~k)(ki ∂
∂kj
− kj ∂
∂ki
)ϕ(~k),
Joiφ = x
oP iφ +
∫
dk˜I(~k)ω(k) ∂
∂ki
ϕ(~k),
and they are finite if: a) for k → ∞ one has |I(~k)| → k−3−σ, σ > 0, |ϕ(~k)| → k; b)
for k → 0 one has |I(~k)| → k−3+ǫ, ǫ > 0, |ϕ(~k)| → kη, η > −ǫ.
The non vanishing Poisson brackets of these 3 canonical bases are: {φ(xo, ~x), π(xo, ~y)} =
δ3(~x− ~y), {a(~k), a∗(~q)} = −iΩ(k)δ3(~k − ~q), {I(~k), ϕ(~q)} = Ω(k)δ3(~k − ~q).
Let F (Pφ, k) = F (Pφ ·k, P 2φ) be a real scalar weight function, arbitrary apart the normal-
ization
∫
dk˜kµF (Pφ, k) = P
µ
φ ; a simple choice for F is F ≈ e−Pφ·k. One assumes a behaviour
of F for k →∞ and k → 0 such that all the integrals, which depend on F , are finite.
Then one can define the following canonical basis
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Xµφ =
∫
dk˜ ϕ(~k)
∂
∂Pφµ
F (Pφ, k),
P µφ =
∫
dk˜ kµI(~k) =
∫
dk˜ kµF (Pφ, k),
H(~k) =
∫
dk˜
′
G(~k,~k
′
)[I(~k
′
)− F (Pφ, k′)]
→k→∞ k−3−σ, σ > 0; →k→0 k−1+ǫ, ǫ > 0,
K(~k) = Dϕ(~k)→k→∞ k1−ǫ, ǫ > 0; →k→0 kη−2, η > −ǫ,
{Xµφ , P νφ} = −ηµν , {H(~k),K(~q)} = Ω(k)δ3(~k − ~q),
I(~k) = DH(~k) + F (Pφ, k),
ϕ(~k) = k ·Xφ +
∫
dk˜
′
∫
dk˜”K(~k′)G(~k′, ~k”)△(~k”, ~k). (B2)
Here, D is the non compact operator D = 3 − m2△LB, with △LB being the Laplace-
Beltrami operator on the mass shell submanifold H13 defined by k
µkµ = m
2 and ko > 0.
The Green function G satisfies D~kG(~k, ~q) = Ω(k)δ3(~k − ~q). Finally, one has △(~k, ~q) =
Ω(k)δ3(~k − ~q)− qµ ∂
∂Pµ
φ
F (Pφ, k).
The Poincare´ generators are given by
P µφ ,
J ijφ = X
i
φP
j
φ −XjφP iφ +
∫
dk˜H(~k)(ki ∂
∂kj
− kj ∂
∂ki
)K(~k),
Joiφ = (x
o +Xoφ)P
i
φ −X iφP oφ +
∫
dk˜H(~k)ω(k) ∂
∂ki
K(~k). (B3)
This canonical transformation exists (without problems from the existence of the zero
modes of the operator D) only if the field configurations φ(x), solution of the Klein-Gordon
equation, with π(x) = ∂φ(x)/∂xo, satisfy the conditions:
A) Plm =
∫
dk˜I(~k)v
(o)
1,−3,lm(~k) ≡
∫
dk˜F (Pφ, k)v
(o)
1,−3,lm(~k) = 0,
and, in the case that I(~k)→k→0 k−3+η with η > l + 1, also
B) Qlm =
∫
dk˜I(~k)v
(o)
2,−3,lm(~k) ≡
∫
dk˜F (Pφ, k)v
(o)
2,−3,lm(~k) = 0,
where the v(o)’s are zero modes of D. The conditions A) are non void only for l ≥ 2 and are
called “no supertranslations conditions” in Ref. [7]: when they are satisfied, the constants
of motion Plm are functionally dependent on the momenta of the new canonical basis [when
they are not satisfied, the Plm are independent constants of motion allowing the definition
of a BMS algebra and this destroys the possibility of definining a unique Poincare´ algebra
in a non ambigous way].
One has
φ(x) =
∫
dk˜
√
F (Pφ, k) +DH(~k)[
eik·(Xφ−x)+i
∫
dk˜
′
∫
dk˜”K(~k′)G(~k′ ,~k”)△(~k”,~k) + c.c.
]
,
π(x) = −i
∫
dk˜ ω(k)
√
F (Pφ, k) +DH(~k)
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[
eik·(Xφ−x)+i
∫
dk˜
′
∫
dk˜”K(~k′)G(~k′ ,~k”)△(~k”,~k) − c.c.
]
. (B4)
Let us remark that on the Wigner hyperplane F (Pφ, k) may be replaced with two scalar
functions F˜ τ (P τφ , q), F˜ (
~Pφ, ~q) [F 7→ F˜(Pφ, q) = F˜ τ (P τφ , |~q|) − F˜ (~Pφ, ~q)], so that the center-
of-mass variables would be
Xτφ =
∫
dq˜ ϕ(τ, ~q)
∂F˜ τ (P τφ , q)
∂P τφ
,
P τφ =
∫
dq˜ ω(q) I(τ, ~q) =
∫
dq˜ ω(q) F˜ τ(P τφ , q),
~Xφ =
∫
dq˜ ϕ(τ, ~q)
∂F˜ (~Pφ, ~q)
∂ ~Pφ
,
~Pφ =
∫
dq˜ ~q I(τ, ~q) =
∫
dq˜ ~q F˜ (~Pφ, ~q). (B5)
Instead of this generically non polynomial weight functions, we use in this paper weight
functions linear in the Poincare´ momenta: F˜ τ (P τφ , q) = P
τ
φ F
τ(q), F˜ (~Pφ, ~q) = ~Pφ · ~q F (q).
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APPENDIX C: MORE ON DIXON’S MULTIPOLES.
Let us add other forms of the Dixon multipoles.
In the case of the real Klein-Gordon field treated in Section V, the Hamilton equations
(4.40) imply [in Ref. [9] this is a consequence of ∂µT
µν ◦=0]
dpµT (Ts)
dTs
◦
=0, for n = 0,
dpµ1...µnµT (Ts)
dTs
◦
=−nu(µ1(ps)pµ2...µn)µT (Ts) + nt(µ1...µn)µT (Ts), n ≥ 1. (C1)
Let us define for n ≥ 1
bµ1...µnµT (Ts) = p
(µ1...µnµ)
T (Ts) =
= ǫ(µ1r1 (u(ps))...ǫ
µn
rn (u(ps))ǫ
µ)
A (u(ps))I
r1..rnAτ
T (Ts),
cµ1...µnµT (Ts) = c
(µ1...µn)µ
T (Ts) = p
µ1...µnµ
T (Ts)− p(µ1...µnµ)T (Ts) =
= [ǫµ1r1 (u(ps))...ǫ
µn
rn ǫ
µ
A(u(ps))− ǫ(µ1r1 (u(ps))...ǫµnrn (u(ps))ǫµ)A (u(ps))]Ir1..rnAτT (Ts),
cµ1...µnµT (Ts) = 0, (C2)
and then for n ≥ 2
dµ1...µnµνT (Ts) = d
(µ1...µn)(µν)
T (Ts) = t
µ1...µnµν
T (Ts)−
− n + 1
n
[t
(µ1...µnµ)ν
T (Ts) + t
(µ1...µnν)µ
T (Ts)] +
n+ 2
n
t
(µ1...µnµν)
T (Ts) =
=
[
ǫµ1r1 ...ǫ
µn
rn ǫ
µ
Aǫ
ν
B −
n+ 1
n
(
ǫ(µ1r1 ...ǫ
µn
rn ǫ
µ)
A ǫ
ν
B +
+ ǫ(µ1r1 ...ǫ
µn
rn ǫ
ν)
B ǫ
µ
A
)
+
n + 2
n
ǫ(µ1r1 ..ǫ
µn
rn ǫ
µ
Aǫ
ν
B
]
(u(ps))I
r1..rnAB
T (Ts),
d
(µ1...µnµ)ν
T (Ts) = 0. (C3)
Then Eqs.(C1) may be rewritten in the form
1) n = 1
tµνT (Ts) = t
(µν)
T (Ts)
◦
= pµT (Ts)u
ν(ps) +
1
2
d
dTs
(SµνT (Ts)[φ] + 2b
µν
T (Ts)),
⇓
tµνT (Ts)
◦
= p
(µ
T (Ts)u
ν)(ps) +
d
dTs
bµνT (Ts) = P
τ
φu
µ(ps)u
ν(ps) + P
r
φu
(µ(ps)ǫ
ν)
r (u(ps)) +
+ ǫ(µr (u(ps))u
ν)(ps)
∫
d3σσr
1
2
[π2 + (~∂φ)2 +m2φ2](Ts, ~σ) +
+ ǫ(µr (u(ps))ǫ
ν)
s (u(ps))
∫
d3σσr[π∂sφ](Ts, ~σ),
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ddTs
SµνT (Ts)[φ]
◦
= 2p
[µ
T (Ts)u
ν](ps) = 2P
r
φǫ
[µ
r (u(ps))u
ν](ps) ≈ 0,
2) n = 2 [identity tρµνT = t
(ρµ)ν
T + t
(ρν)µ
T + t
(µν)ρ
T ]
2t
(ρµ)ν
T (Ts)
◦
= 2u(ρ(ps)b
µ)ν
T (Ts) + u
(ρ(ps)S
µ)ν
T (Ts)[φ] +
d
dTs
(bρµνT (Ts) + c
ρµν
T (Ts)),
⇓
tρµνT (Ts)
◦
= uρ(ps)b
µν
T (Ts) + S
ρ(µ
T (Ts)[φ]u
ν)(ps) +
d
dTs
(
1
2
bρµνT (Ts)− cρµνT (Ts)),
3) n ≥ 3
tµ1...µnµνT (Ts)
◦
= dµ1...µnµνT (Ts) + u
(µ1(ps)b
µ2...µn)µν
T (Ts) + 2u
(µ1(ps)c
µ2...µn)(µν)
T (Ts) +
=
2
n
c
µ1...µn(µ
T (Ts)u
ν)(ps) +
d
dTs
[
1
n+ 1
bµ1...µnµνT (Ts) +
2
n
c
µ1...µn(µν)
T (Ts)], (C4)
This allows [9] to rewrite < T µν , f > in the following form
< T µν , f > =
∫
dTs
∫
d4k
(2π)4
f˜(k)e−ik·xs(Ts)
[
u(µ(ps)p
ν)
T (Ts)− ikρSρ(µT (Ts)[φ]uν)(ps) +
+
∞∑
n=2
(−i)n
n!
kρ1 ...kρnIρ1...ρnµνT (Ts)
]
, (C5)
with
Iµ1...µnµνT (Ts) = I(µ1...µn)(µν)T (Ts) = dµ1...µnµνT (Ts)−
− 2
n− 1u
(µ1(ps)c
µ2...µn)(µν)
T (Ts) +
2
n
c
µ1...µn(µ
T (Ts)u
ν)(ps) =
=
[
ǫµ1r1 ...ǫ
µn
rn ǫ
µ
Aǫ
ν
B −
n+ 1
n
(
ǫ(µ1r1 ...ǫ
µn
rn ǫ
µ)
A ǫ
ν
B +
+ ǫ(µ1r1 ...ǫ
µn
rn ǫ
ν)
B ǫ
µ
A
)
+
n+ 2
n
ǫ(µ1r1 ...ǫ
µn
rn ǫ
µ
Aǫ
ν)
B
]
(u(ps)0I
r1..rnAB
T (Ts)−
−
[ 2
n− 1u
(µ1(ps)
(
ǫµ2r1 ...ǫ
µn)
rn−1
ǫ(µrnǫ
ν)
A − ǫ(µ2r1 ...ǫµn)rn−1ǫ(µrnǫν))A
)
−
− 2
n
(
ǫµ1r1 ...ǫ
µn
rn ǫ
(µ
A − ǫ(µ1r1 ...ǫµnrn ǫ(µ)A uν)(ps)](u(ps)0Ir1..rnAτT (Ts),
I(µ1...µnµ)νT (Ts) = 0. (C6)
Finally, a set of multipoles equivalent to the Iµ1...µnµνT is
n ≥ 0
Jµ1...µnµνρσT (Ts) = J
(µ1...µn)[µν][ρσ]
T (Ts) = Iµ1...µn[µ[ρν]σ]T (Ts) =
= t
µ1...µn[µ[ρν]σ]
T (Ts)−
1
n+ 1
[
u[µ(ps)p
ν]µ1...µn[ρσ]
T (Ts) +
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+ u[ρ(ps)p
σ]µ1...µn[µν]
T (Ts)
]
=
=
[
ǫµ1r1 ..ǫ
µn
rn ǫ
[µ
r ǫ
[ρ
s ǫ
ν]
Aǫ
σ]
B
]
(u(ps))I
r1..rnAB
T (Ts)−
− 1
n+ 1
[
u[µ(ps)ǫ
ν]
r (u(ps))ǫ
[ρ
s (u(ps))ǫ
σ]
A (u(ps)) +
+ u[ρ(ps)ǫ
σ]
r (u(ps))ǫ
[µ
s (u(ps))ǫ
ν]
A(u(ps))
]
ǫµ1r1 (u(ps))...ǫ
µn
rn (u(ps))I
rr1..rnsAτ
T (Ts),
[(n+ 4)(3n+ 5) linearly independent components],
n ≥ 1
uµ1(ps) J
µ1...µnµνρσ
T (Ts) = J
µ1...µn−1(µnµν)ρσ
T (Ts) = 0,
n ≥ 2
Iµ1...µnµνT (Ts) =
4(n− 1)
n+ 1
J
(µ1...µn−1|µ|µn)ν
T (Ts). (C7)
The Jµ1...µnµνρσT are the Dixon “2
n+2-pole inertial moment tensors” of the extended sys-
tem: they [or equivalently the Iµ1...µnµνT ’s] determine its energy-momentum tensor together
with the monopole pµT and the spin dipole S
µν
T . The equations ∂µT
µν ◦=0 are satisfied due to
the equations of motion (C4) for P µT and S
µν
T [the so called Papapetrou-Dixon-Souriau equa-
tions given in Eqs.(5.18)] without the need of the equations of motion for the Jµ1...µnµνρσT .
When all the multipoles Jµ1...µnµνρσT are zero [or negligible] one speaks of a pole-dipole field
configuration of the real Klein-Gordon field.
For the electromagnatic current of Section VIII the Hamilton equations (8.35) [equivalent
to ∂µJˆ
µ
φ
◦
=0] give
dqˆφ
dTs
◦
=0,
dqˆµ1...µnφ (Ts)
dTs
◦
=njˆ
(µ1...µn)
φ (Ts)− nu(µ1(ps)qˆµ2...µn)φ (Ts), n ≥ 1, (C8)
By introducing the multipoles
aˆµ1...µnµφ (Ts) = jˆ
µ1...µnµ
φ (Ts)− jˆ(µ1...µnµ)φ (Ts). (C9)
the previous equations become
jˆµφ(Ts)
◦
= qˆφu
µ(ps) +
dqˆµφ(Ts)
dTs
, n = 0,
jˆµ1...µnµφ (Ts)
◦
= aˆµ1...µnµφ (Ts) + qˆ
(µ1...µn
φ (Ts)u
µ)(ps) +
+
1
n+ 1
dqˆµ1...µnµφ (Ts)
dTs
, n ≥ 1. (C10)
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Let us introduce the new multipoles
mˆµ1...µnµφ (Ts) = mˆ
(µ1...µn)µ
φ (Ts) =
= aˆµ1...µnµφ (Ts) + qˆ
(µ1...µn
φ (Ts)u
µ)(ps)− u(µ1(ps)qˆµ2...µn)µφ (Ts) =
= jˆµ1...µnµφ (Ts)− u(µ1(ps)qˆµ2...µn)µφ (Ts)−
1
n+ 1
dqˆµ1...µnµφ (Ts)
dTs
, n ≥ 1,
mˆ
(µ1...µnµ)
φ (Ts) = 0,
qˆµ1...µnφ (Ts) = −nuα(ps)mˆαµ1...µnφ (Ts) = −nuα(ps)mˆα(µ1...µn)φ (Ts). (C11)
In Ref. [9] it is shown that we have
< Jˆµφ , f > =
∫
dTs
∫
d4k
(2π)4
f˜(k)Qµφ(k, Ts),
Qµφ(k, Ts) = e
−ik·xs(Ts)
[
qˆφu
µ(ps) +
∞∑
n=1
(−i)n
n!
kµ1 ...kµnmˆ
µ1...µnµ
φ (Ts)
]
=
= e−ik·xs(Ts)
[
qˆφu
µ(ps) +
∞∑
n=1
(−i)n2n
(n + 1)!
kµ1 ...kµnQˆ
(µ1...µn)µ
φ (Ts)
]
, (C12)
where the following new multipoles have been introduced [for n=0 we get Q
[µν]
φ = jˆ
[µν]
φ +
qˆ
[µ
φ u
ν](ps)]
Qˆµ1...µnµνφ (Ts) = Qˆ
(µ1...µn)[µν]
φ (Ts) = mˆ
µ1...µn[µν]
φ (Ts) =
= jˆ
µ1...µn[µν]
φ (Ts) +
1
n + 1
qˆ
µ1...µn[µ
φ (Ts)u
ν](ps), n ≥ 0,
Qˆ
µ1...µn−1[µnµν]
φ (Ts) = 0, n ≥ 1,
uµ1(ps)Qˆ
µ1...µnµν
φ (Ts) = 0,
mˆµ1...µnµφ (Ts) =
2n
n+ 1
Qˆ
(µ1...µn)µ
φ (Ts). (C13)
The multipole Qˆµ1...µnµνφ (Ts) is called the Dixon “2
n+1-pole electromagnetic moment ten-
sor”. The charge qφ and these multipoles determine the electromagnetic current Jˆ
µ
φ , whose
conservation is simply equivalent to
dqφ
dTs
◦
=0.
Therefore the complex Klein-Gordon field interacting with the electromagnetic field is
an extended object defined by the inertial multipoles Pˆ µφ,A, Sˆ
µν
φ,A, Jˆ
µ1...µnµν
φ,A and by the elec-
tromagnetic multipoles qφ, Qˆ
µ1...µnµ
φ .
Then in Ref. [9] there is a study of the Lorentz force Fˆ µ = −Fˆ µν Jˆφν and it is
shown that the equations ∂ν Tˆ
µν
φ,A
◦
= − Fˆ µ and ∂µJˆµφ ◦=0 imply only the relations dqφdTs
◦
=0,
dPˆµ
φ,A
dTs
◦
=Fµ(Fˆ αβ, Qˆν1...νnρσφ ),
dSˆµν
φ,A
dTs
◦
=Fµν(Fˆ αβ, Qˆν1...νnρσφ ) [see Dixon’s paper for the criticism
of the standard pole-dipole approximation].
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APPENDIX D: THE FESHBACH-VILLARS FORMALISM.
As in Ref. [8], let us consider the two-component Feshbach-Villars formalism for the
complex Klein-Gordon field [11] [see also Ref. [12,13]]. If we put (τi are the Pauli matrices)
φ(τ, ~σ) =
1√
2
[ϕ+ χ](τ, ~σ) =
1√
2
(φ1 + iφ2)(τ, ~σ) =
=
∫
dq˜[a(τ, ~q)e−i(ω(q)τ−~q·~σ) + b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
i
m
πφ∗(τ, ~σ) =
1√
2
[ϕ− χ](τ, ~σ) = i√
2m
(π1 + iπ2)(τ, ~σ) =
=
∫
dq˜
ω(q)
m
[a(τ, ~q)e−i(ω(q)τ−~q·~σ) − b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
ϕ(τ, ~σ) =
1√
2
[φ+
i
m
πφ∗ ](τ, ~σ) =
1
2
[φ1 +
i
m
π1 + i(φ2 +
i
m
π2)](τ, ~σ) =
=
1√
2
∫
dq˜[
m+ ω(q)
m
a(τ, ~q)e−i(ω(q)τ−~q·~σ) +
m− ω(q)
m
b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
χ(τ, ~σ) =
1√
2
[φ− i
m
πφ∗ ](τ, ~σ) =
1
2
[φ1 − i
m
π1 + i(φ2 − i
m
π2)](τ, ~σ) =
=
1√
2
∫
dq˜[
m− ω(q)
m
a(τ, ~q)e−i(ω(q)τ−~q·~σ) +
m+ ω(q)
m
b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)],
Φ(τ, ~σ) =
(
ϕ
χ
)
(τ, ~σ) =
∫
dq˜ e−i~q·~σΦ˜(τ, ~q) =
∫
dq˜ e−i~q·~σ
(
ϕ˜
χ˜
)
(τ, ~q) =
=
1√
2
∫
dq˜[
(
m+ω(q)
m
m−ω(q)
m
)
a(τ, ~q)e−i(ω(q)τ−~q·~σ) +
+
(
m−ω(q)
m
m+ω(q)
m
)
b∗(τ, ~q)e+i(ω(q)τ−~q·~σ)], (D1)
the Hamilton equations for the Klein-Gordon field become
i∂τϕ(τ, ~σ)
◦
= [
1
2m
(−i~∂)2(ϕ+ χ) +mϕ](τ, ~σ),
i∂τχ(τ, ~σ)
◦
= [− 1
2m
(−i~∂)2(ϕ+ χ)−mχ](τ, ~σ), (D2)
In the 2× 2 matrix formalism we have
i∂τΦ(τ, ~σ) = [
1
2m
(−i~∂)2 (τ3 + iτ2) +mτ3]Φ(τ, ~σ) =
= HˆΦ(τ, ~σ). (D3)
Since ρ = i
m
Φ∗τ3Φ = im(ϕ
∗ϕ − χ∗χ) = i
m
(πˆφ∗ φˆ
∗ − πˆφφˆ) is the density of the conserved
charge e
m
(see the Gauss law), the normalization of Φ can be taken
∫
d3σ(Φ∗τ3Φ)(τ, ~σ) =
qφ
m
=
Naφ−Nbφ
m
= e
m
.
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As shown in Ref. [11], the free Klein- Gordon field has the Hamiltonian Ho =
~p2
2m
(τ3 +
iτ2)+mτ3 in the momentum representation and this Hamiltonian can be diagonalized (ω(p) =
+
√
m2 + ~p2) with a τ3-unitary matrix U(ω(p)) [U
−1 = τ3U †τ3; Ho is τ3-hermitean, Ho =
τ3H
†τ3]
Ho,U = U
−1(ω(p))HoU(ω(p)) = ω(p) τ3 =
(√
m2 + ~p2 0
0 −√m2 + ~p2
)
,
Φ˜U(τ, ~p) = U
−1(ω(p))Φ˜(τ, ~p) =
(
ϕ˜U
χ˜U
)
(τ, ~p) =
=
√
ω(p)
m
√
2m
[
(
1
0
)
a(τ, ~p)e−iω(p)τ +
(
0
1
)
b∗(τ, ~p)e+iω(p)τ ],
i∂τ Φ˜U(τ, ~p) =
(
i∂τ ϕ˜U(τ, ~p)
i∂τ χ˜U(τ, ~p)
)
= Ho,UΦ˜U (τ, ~p) =
(
ω(p)ϕ˜U(τ, ~p)
−ω(p)χ˜U(τ, ~p)
)
,
U(ω(p)) =
1
2
√
mω(p)
[(m+ ω(p))1 + (m− ω(p))τ1],
U−1(ω(p)) =
1
2
√
mω(p)
[(m+ ω(p))1− (m− ω(p))τ1],
(
ϕ˜U(τ, ~p)
χ˜U(τ, ~p)
)
=
1
2
√
mω(p)
(
(m+ ω(p))ϕ˜(τ, ~p)− (m− ω(p))χ˜(τ, ~p)
(m+ ω(p))χ˜(τ, ~p)− (m− ω(p))ϕ˜(τ, ~p)
)
=
=
1√
2m


√
ω(p)φ˜(τ, ~p) + i√
ω(p)
π˜φ∗(τ, ~p)√
ω(p)φ˜(τ, ~p)− i√
ω(p)
π˜φ∗(τ, ~p)

 =
(
φ˜a(τ, ~p)
φ˜∗b(τ, ~p)
)
,
(
ϕ˜(τ, ~p)
χ˜(τ, ~p)
)
= U(ω(p))
(
φ˜a(τ, ~p)
φ˜∗b(τ, ~p)
)
=
=
1
2
√
mω(p)
(
(m+ ω(p))φ˜a(τ, ~p) + (m− ω(p))φ˜∗b(τ, ~p)
(m+ ω(p))φ˜∗b(τ, ~p) + (m− ω(p))φ˜a(τ, ~p)
)
. (D4)
Therefore, we can introduce the following two Klein-Gordon fields
φa(τ, ~σ) = ϕU(τ, ~σ) =
1
2
√
m
√
m2 +△
[(m+
√
m2 +△)ϕ− (m−
√
m2 +△)χ](τ, ~σ) =
=
1√
2m
√
m2 +△
[
√
m2 +△φ+ iπφ∗ ](τ, ~σ) =
=
√
2
m
∫
dq˜
√
ω(q)a(τ, ~q)e−i(ω(q)τ−~q·~σ) =
=
√
2
m
∫
dq˜
√
ω(q)
√
F τ (q)ω(q)P τaφ − F (q)~q · ~Paφ +DqHa(τ, ~q)
ei
∫
dk˜
∫
dk˜′Ka(τ,~k)G(~k,~k′)∆(~k′,~q)−iω(q)(τ−Xτaφ)+i~q·(~σ− ~Xaφ) =
=
√
2
m
∫
dq˜
√
ω(q)
√
F τ (q)ω(q)[
1
2
P τφ +Q
τ
φ]− F (q)~q · [
1
2
~Pφ + ~Qφ] +DqHa(τ, ~q)
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e+i
∫
dk˜
∫
dk˜′Ka(τ,~k)G(~k,~k′)∆(~k′,~q)−iω(q)(τ−[Xτφ+ 12Rτφ])+i~q·(~σ−[ ~Xφ+ 12 ~Rφ]),
φb(τ, ~σ) = χ
∗
U(τ, ~σ) =
1
2
√
m
√
m2 +△
[(m+
√
m2 +△)χ∗ − (m−
√
m2 +△)ϕ∗](τ, ~σ) =
=
1√
2m
√
m2 +△
[
√
m2 +△φ∗ + iπ](τ, ~σ) =
=
√
2
m
∫
dq˜
√
ω(q)b(τ, ~q)e−i(ω(q)τ−~q·~σ) =
=
√
2
m
∫
dq˜
√
ω(q)
√
F τ (q)ω(q)P τbφ − F (q)~q · ~Pbφ +DqHb(τ, ~q)
ei
∫
dk˜
∫
dk˜′Kb(τ,~k)G(~k,~k′)∆(~k′,~q)−iω(q)(τ−Xτbφ)+i~q·(~σ− ~Xbφ) =
=
√
2
m
∫
dq˜
√
ω(q)
√
F τ (q)ω(q)[
1
2
P τφ −Qτφ]− F (q)~q · [
1
2
~Pφ − ~Qφ] +DqHb(τ, ~q)
e+i
∫
dk˜
∫
dk˜′Kb(τ,~k)G(~k,~k′)∆(~k′,~q)−iω(q)(τ−[Xτφ− 12Rτφ])+i~q·(~σ−[ ~Xφ− 12 ~Rφ]),
φ(τ, ~σ) =
√
m
2
1
(m2 +△)1/4 [φa(τ, ~σ) + φ
∗
b(τ, ~σ)] = [φ
∗(τ, ~σ)]∗,
πφ∗(τ, ~σ) = φ˙(τ, ~σ) = −i
√
m
2
(m2 +△)1/4[φa(τ, ~σ)− φ∗b(τ, ~σ)] = [πφ(τ, ~σ)]∗,
a(τ, ~q) =
√
2mω(q)
∫
d3σφa(τ, ~σ)e
i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φ(τ, ~σ) + iπφ∗(τ, ~σ)]e
i(ω(q)τ−~q·~σ),
a∗(τ, ~q) =
√
2mω(q)
∫
d3σφ∗a(τ, ~σ)e
−i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φ∗(τ, ~σ) + iπφ(τ, ~σ)]e−i(ω(q)τ−~q·~σ),
b(τ, ~q) =
√
2mω(q)
∫
d3σφb(τ, ~σ)e
i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φ(τ, ~σ)− iπφ∗(τ, ~σ)]ei(ω(q)τ−~q·~σ),
b∗(τ, ~q) =
√
2mω(q)
∫
d3σφ∗b(τ, ~σ)e
−i(ω(q)τ−~q·~σ) =
=
∫
d3σ[ω(q)φ∗(τ, ~σ) + iπφ(τ, ~σ)]e
−i(ω(q)τ−~q·~σ). (D5)
They are solutions of the square-root Klein-Gordon equation [see Ref. [25] for the study
of this equation by using the theory of pseudodifferential operators] with both the energy
and the electric charge of the same sign: positive for φa and negative for φb.
i∂τφa(τ, ~σ)
◦
=
√
m2 +△φa(τ, ~σ), qφ = Naφ,
i∂τφb(τ, ~σ)
◦
=−
√
m2 +△φb(τ, ~σ), qφ = −Nbφ. (D6)
Like in the case of the Foldy-Wouthuysen transformation for particles of spin 1/2, also in
the spin 0 case the exact diagonalization of the Hamiltonian cannot be achieved in presence
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of an arbitrary external electromagnetic field [11], when Eqs.(D2) become [see Ref. [8]]
i∂τϕ(τ, ~σ)
◦
=
[ 1
2m
(−i~∂ − e ~A⊥)
2
(ϕ+ χ) + (m+K)ϕ
]
(τ, ~σ),
i∂τχ(τ, ~σ)
◦
=
[
− 1
2m
(−i~∂ − e ~A⊥)
2
(ϕ+ χ) + (−m+K)χ
]
(τ, ~σ),
K(τ, ~σ) = − e
2
4π
∫
d3σ1
i(πˆφ∗ φˆ
∗ − πˆφ φˆ)(τ, ~σ1)
|~σ − ~σ1| =
= −me
2
4π
∫
d3σ1
(ϕ∗ϕ− χ∗χ)(τ, ~σ1)
|~σ − ~σ1| =
= −me
2
4π
∫
d3σ1
(Φ∗τ3Φ)(τ, ~σ1)
|~σ − ~σ1| =
∫
dk˜K(τ,~k)e−i
~k·~σ. (D7)
In this case, Eq.(D3) assumes the following form after Fourier transform
i∂τ Φ˜(τ, ~p) = H˜Φ˜(τ, ~p),
H˜ =
1
2m
[~p− e
∫
d3k ~A⊥(τ,~k)e−
~k·~∂ ]2(τ3 + iτ2) +mτ3 +
+
∫
d3kK(τ,~k)e−
~k·~∂ 11. (D8)
If we put Φ˜(τ, ~p) = U(ω(p))Φ˜U(τ, ~p) with the same U(~p) of the free case, we get [see Ref.
[11]]
i∂τ Φ˜U(τ, ~p) =
√
m2 + ~p2τ3Φ˜U (τ, ~p) +
+
∫
d3kK(τ, ~p− ~k)(
√
m2 + ~p2 +
√
m2 + ~k2)11 + (
√
m2 + ~p2 −
√
m2 + ~k2)τ1
2
√√
m2 + ~p2
√
m2 + ~k2
11Φ˜U(τ,~k) +
+
∫
d3k
m
2
√√
m2 + ~p2
√
m2 + ~k2
[− e
m
~k · ~A⊥(τ, ~p− ~k) + e
2
2m
( ~A2⊥)(τ, ~p− ~k)]
(11 + τ1)Φ˜U(τ,~k), (D9)
where ( ~A2⊥)(τ, ~p) means the Fourier transform of ~A
2
⊥(τ, ~σ).
In ref. [11], it is shown that this Hamiltonian cannot be diagonalized, because the sepa-
ration of positive and negative energies is inhibited by effects which (in a second quantized
formalism) can be ascribed to the vacuum polarization, namely to the pair production.
This (i.e. the nonseparability of positive and negative energies) is also the source of the
zitterbewegung effects for localized Klein-Gordon wave packets as discussed in Ref. [11].
With an integration by parts, the constraint H(τ) of Eq.(8.32) can be rewritten as
ǫs − 1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ)−
−
∫
d3σΦ∗(τ, ~σ)τ3[
1
2
(−i~∂ − e ~A⊥(τ, ~σ))2(τ3 + iτ2) +m2τ3]Φ(τ, ~σ) +
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+
∫
d3σΦ∗(τ, ~σ)τ3[
e2m2
8π
∫
d3σ1
(Φ∗τ3Φ)(τ, ~σ1)
|~σ − ~σ1| 11]Φ(τ, ~σ) ≈ 0. (D10)
If we suppose that Φ(τ, ~σ) is normalized to
∫
d3σΦ∗(τ, ~σ)τ3Φ(τ, ~σ) = 1/m [this is a charge
normalization compatible with the nonlinear equations of motion, because the electric charge
is conserved], we can rewrite the previous formula as
∫
d3σΦ∗(τ, ~σ)τ3{ [ǫs − 1
2
∫
d3σ1(~π
2
⊥ + ~B
2)(τ, ~σ1) +
+
e2m
8π
∫
d3σ1
(Φ∗τ3Φ)(τ, ~σ1)
|~σ − ~σ1| ]11−
− [ 1
2m
(−i~∂ − e ~A⊥(τ, ~σ))2(τ3 + iτ2) +mτ3]}Φ(τ, ~σ) ≈ 0. (D11)
If we assume that the nonlinear equations for the reduced Klein-Gordon field have solu-
tions of the form Φ(τ, ~σ) = Φ(τ, ~p)ei~p·~σ+Φ1(τ, ~σ) with Φ1 negligible, namely that the global
form of the nonlinear wave admits a sensible eikonal approximation, then, neglecting Φ1, we
get approximately
∫
d3σΦ∗(τ, ~σ)τ3{ [ǫs − 1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) +
+
e2m
8π
∫
d3σ1
(Φ∗τ3Φ)(τ, ~σ1)
|~σ − ~σ1| ]11−
− [ 1
2m
(~p− e ~A⊥(τ, ~σ))2(τ3 + iτ2) +mτ3]}Φ(τ, ~σ) ≈ 0. (D12)
If we now redefine ΦU(τ, ~σ) = U
−1(
√
m2 + (~p− e ~A⊥(τ, ~σ))2)Φ(τ, ~σ) with the same U of
Eq.(D4), we get
∫
d3σΦ∗U (τ, ~σ)τ3
(H+(τ, ~σ) 0
0 H−(τ, ~σ)
)
ΦU(τ, ~σ) =
=
∫
d3σ
[
φ∗aH+φa − φ∗bH−φb
]
(τ, ~σ) ≈ 0,
H±(τ, ~σ) = ǫs ∓
√
m2 + (~p∓ |e| ~A⊥(τ, ~σ))2 +
+
e2m
8π
∫
d3σ1
(Φ∗τ3Φ)(τ, ~σ1)
|~σ − ~σ1| −
1
2
∫
d3σ1(~π
2
⊥ + ~B
2)(τ, ~σ1). (D13)
where H±(τ, ~σ) ≈ 0 are the form for N=1 of the constraints
H(τ) = ǫs − {
N∑
i=1
ηi
√
m2i + (~ˇκi(τ)−Qi ~A⊥(τ, ~ηi(τ)))2 +
+
∑
i 6=j
QiQj
4π | ~ηi(τ)− ~ηj(τ) | +
∫
d3σ
1
2
[~ˇπ
2
⊥(τ, ~σ) + ~ˇB
2
(τ, ~σ)]} ≈ 0,
~Hp(τ) = ~ˇκ+(τ) +
∫
d3σ[~ˇπ⊥ × ~ˇB](τ, ~σ) ≈ 0, (D14)
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given in Ref. [8] for the invariant mass of charged scalar particles plus the electromagnetic
field, which was determined in Ref. [1] for the two possible signs of the energy η = ± [with
the Grassmann charges Qi replaced with ±|e|], when evaluated at ~σ = ~ηi(τ). Under the
square root there is only a magnetic coupling to ~A⊥: in this way the quoted problems of the
interconnession of electric fields with pair production are avoided. The Klein-Gordon self-
energy should go in the particle limit (eikonal approximation of field theory) in the Coulomb
self-energy of the classical particle, which is absent in Ref. [1] because it is regularized by
assuming that the particle electric charge Q is pseudoclassically described by Grassmann
variables so that Q2 = 0. Therefore, the particle description of Ref. [1] is valid only when
one disregards the effects induced by vacuum polarization and pair production and uses a
strong eikonal approximation neglecting diffractive effects.
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APPENDIX E: THE INVARIANT MASS IN TERMS OF Aˆ, Bˆ.
The invariant mass M of Eq.(8.40) has the following form in terms of the Fourier coeffi-
cients aˆ and bˆ [see Eqs.(D5) for their expression in terms of the final canonical variables]:
M =
1
2
∫
d3σ(~π2⊥ + ~B
2)(τ, ~σ) + Pˆ τφ (τ) +
+ m
∫
dq˜1dq˜2
∫
d3σ
[
ei(ω(q1)τ−~q1·~σ)aˆ∗(τ, ~q1) + ei(ω(q1)τ−~q1·~σ)bˆ(τ, ~q1)
]
(
− 2e~q2 · ~A⊥(τ, ~σ)
[
e−i(ω(q2)τ−~q2·~σ)aˆ(τ, ~q2)− ei(ω(q2)τ−~q2·~σ)bˆ∗(τ, ~q2)
]
+
+ e2 ~A2⊥(τ, ~σ)
[
e−i(ω(q2)τ−~q2·~σ)aˆ(τ, ~q2) + ei(ω(q2)τ−~q2·~σ)bˆ∗(τ, ~q2)
])
−
− e
2m2
8
(2π)3
∫
dq˜1dq˜2dq˜3dq˜4
√√√√ω(q1)ω(q3)
ω(q2)ω(q4)( 1
(~q1 − ~q2)2[
δ3(~q1 − ~q2 + ~q3 − ~q4)
(
e−i[ω(q1)−ω(q2)+ω(q3)−ω(q4)]τ
(aˆ(τ, ~q1)aˆ
∗(τ, ~q2) + bˆ(τ, ~q1)bˆ
∗(τ, ~q2))(aˆ(τ, ~q3)aˆ
∗(τ, ~q4) + bˆ(τ, ~q3)bˆ
∗(τ, ~q4)) +
+ ei[ω(q1)−ω(q2)+ω(q3)−ω(q4)]τ
(aˆ∗(τ, ~q1)aˆ(τ, ~q2) + bˆ∗(τ, ~q1)bˆ(τ, ~q2))(aˆ∗(τ, ~q3)aˆ(τ, ~q4) + bˆ∗(τ, ~q3)bˆ(τ, ~q4))
)
−
− δ3(~q1 − ~q2 − ~q3 + ~q4)
(
e−i[ω(q1)−ω(q2)−ω(q3)+ω(q4)]τ
(aˆ(τ, ~q1)aˆ
∗(τ, ~q2) + bˆ(τ, ~q1)bˆ∗(τ, ~q2))(aˆ∗(τ, ~q3)aˆ(τ, ~q4) + bˆ∗(τ, ~q3)bˆ(τ, ~q4)) +
+ ei[ω(q1)−ω(q2)−ω(q3)+ω(q4)]τ
(aˆ∗(τ, ~q1)aˆ(τ, ~q2) + bˆ∗(τ, ~q1)bˆ(τ, ~q2))(aˆ(τ, ~q3)aˆ∗(τ, ~q4) + bˆ(τ, ~q3)bˆ∗(τ, ~q4))
)
+
+ δ3(~q1 − ~q2 + ~q3 + ~q4)
(
e−i[ω(q1)−ω(q2)+ω(q3)+ω(q4)]τ
(aˆ(τ, ~q1)aˆ
∗(τ, ~q2) + bˆ(τ, ~q1)bˆ∗(τ, ~q2))(aˆ(τ, ~q3)bˆ(τ, ~q4) + bˆ(τ, ~q3)aˆ(τ, ~q4)) +
+ ei[ω(q1)−ω(q2)+ω(q3)+ω(q4)]τ
(aˆ∗(τ, ~q1)aˆ(τ, ~q2) + bˆ
∗(τ, ~q1)bˆ(τ, ~q2))(aˆ
∗(τ, ~q3)bˆ
∗(τ, ~q4) + bˆ
∗(τ, ~q3)aˆ
∗(τ, ~q4))
)
−
− δ3(~q1 − ~q2 − ~q3 − ~q4)
(
e−i[ω(q1)−ω(q2)−ω(q3)−ω(q4)]τ
(aˆ(τ, ~q1)aˆ
∗(τ, ~q2) + bˆ(τ, ~q1)bˆ∗(τ, ~q2))(aˆ∗(τ, ~q3)bˆ∗(τ, ~q4) + bˆ∗(τ, ~q3)aˆ∗(τ, ~q4)) +
+ ei[ω(q1)−ω(q2)−ω(q3)−ω(q4)]τ
(aˆ∗(τ, ~q1)aˆ(τ, ~q2) + bˆ∗(τ, ~q1)bˆ(τ, ~q2))(aˆ(τ, ~q3)bˆ(τ, ~q4) + bˆ(τ, ~q3)aˆ(τ, ~q4))
)]
+
+
1
(~q1 + ~q2)2[
δ3(~q1 + ~q2 + ~q3 − ~q4)
(
e−i[ω(q1)+ω(q2)+ω(q3)−ω(q4)]τ
(aˆ(τ, ~q1)bˆ(τ, ~q2) + bˆ(τ, ~q1)aˆ(τ, ~q2))(aˆ(τ, ~q3)aˆ
∗(τ, ~q4) + bˆ(τ, ~q3)bˆ
∗(τ, ~q4)) +
+ ei[ω(q1)+ω(q2)+ω(q3)−ω(q4)]τ
(aˆ∗(τ, ~q1)bˆ∗(τ, ~q2) + bˆ∗(τ, ~q1)aˆ∗(τ, ~q2))(aˆ∗(τ, ~q3)aˆ(τ, ~q4) + bˆ∗(τ, ~q3)bˆ(τ, ~q4))
)
−
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− δ3(~q1 + ~q2 − ~q3 + ~q4)
(
e−i[ω(q1)+ω(q2)−ω(q3)+ω(q4)]τ
(aˆ(τ, ~q1)bˆ(τ, ~q2) + bˆ(τ, ~q1)aˆ(τ, ~q2))(aˆ
∗(τ, ~q3)aˆ(τ, ~q4) + bˆ∗(τ, ~q3)bˆ(τ, ~q4)) +
+ ei[ω(q1)+ω(q2)−ω(q3)+ω(q4)]τ
(aˆ∗(τ, ~q1)bˆ∗(τ, ~q2) + bˆ∗(τ, ~q1)aˆ∗(τ, ~q2))(aˆ(τ, ~q3)aˆ∗(τ, ~q4) + bˆ(τ, ~q3)bˆ∗(τ, ~q4))
)
+
+ δ3(~q1 + ~q2 + ~q3 + ~q4)
(
e−i[ω(q1)+ω(q2)+ω(q3)+ω(q4)]τ
(aˆ(τ, ~q1)bˆ(τ, ~q2) + bˆ(τ, ~q1)aˆ(τ, ~q2))(aˆ(τ, ~q3)bˆ(τ, ~q4) + bˆ(τ, ~q3)aˆ(τ, ~q4)) +
+ ei[ω(q1)+ω(q2)+ω(q3)+ω(q4)]τ
(aˆ∗(τ, ~q1)bˆ∗(τ, ~q2) + bˆ∗(τ, ~q1)aˆ∗(τ, ~q2))(aˆ∗(τ, ~q3)bˆ∗(τ, ~q4) + bˆ∗(τ, ~q3)aˆ∗(τ, ~q4))
)
−
− δ3(~q1 + ~q2 − ~q3 − ~q4)
(
e−i[ω(q1)+ω(q2)−ω(q3)−ω(q4)]τ
(aˆ(τ, ~q1)bˆ(τ, ~q2) + bˆ(τ, ~q1)aˆ(τ, ~q2))(aˆ
∗(τ, ~q3)bˆ
∗(τ, ~q4) + bˆ
∗(τ, ~q3)aˆ
∗(τ, ~q4)) +
+ ei[ω(q1)+ω(q2)−ω(q3)−ω(q4)]τ
(aˆ∗(τ, ~q1)bˆ∗(τ, ~q2) + bˆ∗(τ, ~q1)aˆ∗(τ, ~q2))(aˆ(τ, ~q3)bˆ(τ, ~q4) + bˆ(τ, ~q3)aˆ(τ, ~q4))
)])
.
(E1)
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